DEEP NEURAL NETWORK
APPROXIMATION VIA FUNCTION
COMPOSITIONS

ZHANG SHIJUN
(B.Sc., Wuhan University, China)

A THESIS SUBMITTED
FOR THE DEGREE OF DOCTOR OF PHILOSOPHY
DEPARTMENT OF MATHEMATICS
NATIONAL UNIVERSITY OF SINGAPORE
2020

Supervisors:
Professor Shen Zuowei, Main Supervisor

Assistant Professor Yang Haizhao, Co-Supervisor

Examiners:
Associate Professor Ji Hui
Assistant Professor Li Qianxiao

Professor Cai Jianfeng, Hong Kong University of Science and Technology






To my family



DECLARATION

I hereby declare that the thesis is my original work and it has
been written by me in its entirety. I have duly
acknowledged all the sources of information which

have been used in the thesis.

This thesis has also not been submitted for any degree

in any university previously.

zﬁﬂfg;@m

Zhang Shijun
December 30, 2020




Acknowledgments

This dissertation would never be completed without the guidance of my supervisors,
the help from my friends, and the support from my family.

First, I would like to express my sincere gratitude to my main supervisor professor
Shen Zuowei, for his immense knowledge and research experience, and his guidance
through each stage of my Ph.D. studies. His research philosophy plays a key role
in defining the path of my research. During our discussions, I have gained a lot of
knowledge and skills, especially the way of thinking and doing research. Without his
constructive comments and suggestions, I would hardly complete my research work
and this dissertation. It is my honor and pleasure to work with such an outstanding
main supervisor.

Next, I would like to acknowledge my co-supervisor assistant professor Yang
Haizhao, for his patience and enthusiasm, and his continuous support for my Ph.D.
studies and related research. He convincingly guided and encouraged me to be
professional. He has taught me a lot of things, including writing a research paper
professionally, expressing my own opinions regarding a research problem precisely
and clearly, etc. They benefited me a lot during my Ph.D. studies. Without his
insightful feedback, I would hardly complete my research work and this dissertation.

I am so lucky to do research with such a wonderful co-supervisor.




vi

Acknowledgments

Besides my supervisors, I am also immensely grateful to associate professor Ji
Hui, all members of the NUS Wavelet group, and all my classmates in the same
student office as me. The numerous discussions with them in the group seminars
or the student office helped me improve my knowledge in the research topics and
develop a lot of skills for computer programming.

Finally, I would like to thank my family for their encouragement and under-
standing. My grandparents and parents raised me and supported me in achieving
my pursuits. They kept me going on and this dissertation would not have been

possibly finished without their input.



Contents

Acknowledgments

Summary

1 Introduction

1.1 Contributions . . . . . . . . . ... ... ..
1.2 Related work . . ... .. .. ... .. ...

2 Preliminaries

2.1 Notations . . . . . . . ... ...

2.1.1
2.1.2

Basic notations . . . . . ... .. ..

Set notations . . . . . . .. ... ..

2.1.3 Neural network notations . . . . . . .

2.2 Architecture of neural networks . . . . . ..

221
2.2.2

Descriptions . . . . . ... ... ...

Compositions and combinations . . .

2.3  General ideas of approximation by networks

2.3.1
2.3.2

ReLU networks . . . . . . ... ...
Floor-ReLU networks . . . . . . . ..

3 Basic results of ReLU networks

3.1 Wide networks to deep ones . . . . . .. ..

3.2 Power of networks to fit points . . . . . . . .

3.2.1

Width power of networks to fit points

ix

12
13
14
15
17
20
20
23

25
25
27
28

vil



viii Contents
3.2.2  Depth power of networks to fit points . . . . . . .. ... ... 40

3.3 Approximation in the trifling region . . . . .. .. ..o 48
3.4 Approximation of step functions . . . . . ... ... 0L 59

4 Approximation by ReLU networks 65
4.1 Approximation of polynomials . . . . . . .. ... ... 65
4.1.1 Main theorem . . . . . . .. ... L oo 65

4.1.2 Approximation of #® . . . ... ..., 66

4.1.3 Approximation of x1xo- -2 . . . . ... 70

4.1.4 Proof of main theorem . . . . . . ... ... ... ... .. .. 75

4.2  Approximation of continuous functions . . . . . ... ... ... ... 76
4.2.1 Main theorem and its proof . . . . . . ... .. ... ... .. 76

4.2.2  Proof of auxiliary theorem . . . . . . ... ... ... ... .. 79

4.2.3 Proof of key proposition for auxiliary theorem . . . . . . . .. 86

4.3 Approximation of smooth functions . . . . .. .. ... ... 91
4.3.1 Main theorem and its proof . . . . . . ... .. ... ... .. 91

4.3.2 Ideas of proving auxiliary theorem . . . . . . . ... ... ... 94

4.3.3 Proof of auxiliary theorem . . . . . . .. ... ... ... ... 96

4.3.4 Proof of key proposition for auxiliary theorem . . . . . . . .. 103

4.4  Optimality of approximation by networks . . . . . . . . ... ... .. 106
4.4.1 Holder continuous functions . . . . . ... ... ... 107

4.4.2 Smooth functions . . . ... ..o 111

5 Approximation by Floor-ReLU networks 117
5.1 Main theorem and its proof . . . . . . . ... ... ... ... 117
5.2 Proof of auxiliary theorem . . . . . . . .. .. ... ... 122
5.3 Proof of key proposition for auxiliary theorem . . . . . .. .. .. .. 128

6 Conclusion 135
Bibliography 137



Summary

This dissertation is a summary of our previous papers [38,52, 53, 54], focusing
on the approximation theory of neural networks. We provide (nearly optimal) ap-
proximation error estimates in terms of the width and depth when constructing
ReLU (max{0,z}) networks, via the idea of function compositions, to uniformly
approximate polynomials, (Holder) continuous functions, and smooth functions on
a hypercube [0,1]%. The optimality is discussed via studying the connection be-
tween the approximation error and VC-dimension.Q To overcome the limitation
of ReLU networks that (nearly) exponential approximation errors® hold only for
polynomials among all function spaces considered, we introduce new networks built
with either Floor (|z]) or ReLU as the activation function in each neuron. We call
such networks Floor-ReLLU networks. It is proved by construction that nearly expo-
nential approximation errors can be attained when using Floor-ReLLU networks to
approximate (Holder) continuous functions on [0, 1]¢. See Table 1.1 for a summary.

Chapter 1 is the introduction of this dissertation, including our main contribu-

tions and the literature review.

@See the definition of VC-dimension in Section 4.4.
@Throughout this dissertation, “exponential (approximation) error(s)” means “(approximation)
error(s) with exponential decay”, similar to [21,46,54].
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Summary

Chapter 2 is the preliminary chapter. In this chapter, we present the nota-
tions used throughout this dissertation, discuss the architecture of neural networks,
and provide the general ideas of constructing neural networks to approximate given
functions.

In Chapter 3, we prove several basic results of ReLU networks, which will be
used in later chapters. The chapter consists of four parts. The first part investigates
representing shallow ReLLU networks by deep ones with a similar number of neurons.
Part 2 discusses the width and depth power of ReL U networks to fit points. The third
part looks at the approximation in a small region if a ReLU network approximates
the target function well except for this small region. That is, we modify this network
to let it approximate the target function uniformly well on the whole region. The
final part deals with the approximation of step functions by ReLU networks.

Chapter 4 focuses on the approximation by ReLLU networks and is divided into
four parts. The first part aims to construct ReLLU networks to approximate gen-
eral polynomials on [0, 1]¢ with exponential approximation errors. The second and
third parts provide the detailed constructions of ReLLU networks for approximating
(Holder) continuous functions and smooth functions on [0, 1]% with (nearly optimal)
approximation errors, respectively. The final part looks at the optimality of the
approximation by ReLU networks via studying the connection between the approx-
imation error and VC-dimension.

Chapter 5 aims to reveal the approximation power of Floor-ReLU networks. We
provide nearly exponential approximation error estimates when constructing Floor-
ReLU networks with fixed architectures® to uniformly approximate (Holder) con-
tinuous functions on [0, 1]¢. In other words, the approximation errors are improved
from polynomial ones to nearly exponential ones by adding a simple activation func-
tion (Floor) to ReLU networks.

Chapter 6 concludes this dissertation with a short discussion.

® A Floor-ReLU network with a fixed architecture means all the components of this network
architecture is determined except for the values of the parameters. In particular, the choice of
activation functions (Floor or ReLU) in each neuron is independent of the target function.
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Chapter

Introduction

Deep neural networks have made significant impacts in many fields of com-
puter science and engineering, especially for large-scale and high-dimensional learn-
ing problems. Well-designed neural network architectures, efficient training algo-
rithms, and high-performance computing technologies have made neural-network-
based methods very successful in a great number of real applications. Especially in
supervised learning, e.g., image classification and objective detection, the great ad-
vantages of neural-network-based methods have been demonstrated over traditional
learning methods. Understanding the approximation capacity of deep neural net-
works has become a key question for revealing the power of deep learning. A large
number of experiments in real applications have shown the large capacity of deep
neural networks from many empirical perspectives, drawing a great deal of attention
to the theoretical foundation of the approximation theory of deep neural networks.

In particular, there are three main directions in the error analysis of the ap-
proximation theory of neural networks: the approximation error estimate, the
optimization error estimate, and the generalization error estimate. See [38,54]
for the introduction of these three error estimates. This dissertation concentrates
on the approximation error estimate for neural networks. To this end, we need to

solve three fundamental problems listed below.

Problem 1: How do we construct a neural network to approximate a function in a
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given space?

Problem 2: Is there an error estimate for the approximation in Problem 1 in terms
of the size of networks, characterized by either the number of param-

eters or the width and depth simultaneously?

Problem 3: If an error estimate exists in Problem 2, is this error estimate (nearly)

optimal for the given function space?

This dissertation solves these three problems for several function spaces. See Ta-
ble 1.1 for a summary of the main results in this dissertation, focusing on designing

neural networks to approximate functions in several given function spaces.

1.1 Contributions

The main contribution of this dissertation is to provide (nearly optimal) approx-
imation error estimates in terms of the width and depth when constructing neural
networks to uniformly approximate polynomials, Holder continuous functions of
order a € (0,1] with a Holder constant A > 0 (Holder([0,1]%, a, A)), continuous
functions (C([0,1]%)), and smooth functions (C*([0,1]%)) on [0,1]%. See Table 1.1
for a summary. Note that all approximation errors in Table 1.1 hold for arbitrary
N,L € Nt and on [0,1]¢ uniformly. All constants in O(-) are explicitly esti-

mated in this dissertation, and w¢(-) is the modulus of continuity of f defined by

wi(r) =sup{|f(@) = fW)]: |z -yl <7, z,y€[0,1]}.

Table 1.1: A summary of the main results in this dissertation, aiming to design

neural networks to approximate functions in several function spaces.

target function activation function width depth (#hidden-layer) approximation error optimality
Lemma 4.2 fz) =22 ReLU 3N L N-L
Theorem 4.1 polynomial f() = 251252 - - - 23¢ ReLU O(N) o(L) O(N-T)
Corollary 4.7 f € Holder([0, 114, a, \) ReLU O(N) o(L) O(AN-2e/d] ~2a/d) nearly optimal in N and L, see Section 4.4.1
Theorem 4.6 f e (0,1 ReLU O(N) o(r) O (wy (N-2/4L-2/1))
(

Theorem 4.11 Fec(0,1]%), s € N* ReLU O(NIn(N +1)) O(LIn(L+1)) O(||fllo N-25/4~25/4) nearly optimal in N and L, see Section 4.4.2

Corollary 5.3 f € Holder([0, 1], a, \) Floor and ReLU  max{d,5N + 13} 64dL + 3 3Ado/2 NV

Theorem 5.1 fec(o, 1% Floor and ReLU  max{d,5N + 13} 64dL +3 wi(VANVE) 4 20 (VAN-VE




1.1 Contributions

We would like to point out that most results in Table 1.1 can be generalized
from [0,1]? to any compact set £ C RY. Such a generalization is mainly based on
two key ideas: 1) an affine linear map L, ;(x) = (b — a)x + a with proper a,b € R
satisfying ' C [a, b]%; 2) the function extension (e.g., see Lemma 4.2 of [53] for the

extension of continuous functions).

width NV

1 2 depth L

Figure 1.1: A sketch of most existing results and new results in this dissertation.
Z represents a sufficiently large unknown number. Most existing results (e.g.,
18,23, 35, 39, 57,59, 60]) are applicable in the areas in [F20] or [HE|, while our

results are suitable for almost all areas characterized by [ ].

As far as we know, most existing works focus on either one-hidden-layer networks
(visualized by the region in [E20] in Figure 1.1), or very deep networks with a
constant width (visualized by the region in [HEM] in Figure 1.1). Meanwhile, these
works only provide asymptotic® approximation errors in terms of the number of
parameters, which are valid for particular network architectures. They are unable
to give approximation error estimates for other network architectures with the same
number of parameters. To overcome this, we provide general approximation error
characterizations with explicit formulas for the prefactors, in terms of the width
and depth simultaneously (visualized by the region in [ | in Figure 1.1), which is
of more practical interest in real applications and requires innovative proofs. This
gives us much more freedom to design neural networks for a good approximation
and we can always give an error estimate via the width and depth no matter what

network architecture is given, though the error estimate may not be optimal for

@ “Asymptotic” means the approximation error is described via big O notation O(+) without an
explicit formula for the prefactor.
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unusual architectures. In fact, many results in previous works can be regarded as
the corollaries of this dissertation.

Problem 1 and 2 are completely solved by providing approximation error es-
timates in terms of the width and depth simultaneously. For Problem 3, we use
VC-dimension to show our approximation error estimates are nearly optimal for
the Holder continuous function space (Hélder([0,1]%, o, A) and the smooth function
space (C*([0,1]%)). The optimality becomes insignificant if (nearly) exponential ap-
proximation errors are attained.

Table 1.1 (Theorem 4.1) shows that ReLU networks with width O(N) and depth
O(L) are able to approximate d-dimensional polynomials on [0, 1]¢ within an error
O(N~L). This reveals the power of depth in ReL.U networks for approximating poly-
nomials, from function compositions. Generally speaking, such an approximation
error is the best (up to constants) what we can expect since ReLU networks with
width O(NV) and depth O(L) are continuous piecewise linear functions with at most
O(N)°®) linear pieces. The starting point of a good approximation of functions is
to approximate polynomials with high accuracy. In classical approximation theory,
the approximation power of a lot of numerical schemes depends on the degree of
polynomials that can be locally reproduced. Being able to approximate polynomi-
als with an exponential error plays a vital role in the approximation power of deep
ReLU networks. It is interesting to study whether there are any other function
spaces with a reasonable size, besides the polynomial space, having an exponential
error when approximated by neural networks.

In particular, we introduce new networks built with either Floor (|z]) or ReLU
(max{0, z}) as the activation function in each neuron. We call such networks Floor-
ReLU networks. It is proved by construction that nearly exponential approximation
errors can be attained when using Floor-ReLLU networks with fixed architectures to
approximate Holder continuous functions and general continuous functions on [0, 1]¢.
As shown in Table 1.1, approximation errors are improved from polynomial ones to

nearly exponential ones by adding a simple activation function (Floor) to ReL.U
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networks. This reveals the power of deep Floor-ReLLU network architectures. As we
shall see later, the idea of function compositions is the most significant cornerstone
of the proofs for the results listed in Table 1.1. Finally, we would like to remark
that the architecture of the final Floor-ReLU network is independent of the target
function f. That is, only the values of the parameters rely on the target function
f. In particular, the choice of activation functions (Floor or ReLU) in each neuron

is independent of the target function f.

1.2 Related work

This dissertation is a summary of our previous papers [38,52,53,54|, focusing on
the approximation error estimate for neural networks. Thus, all the contents of this
dissertation focus on three main problems, Problem 1, 2, and 3. In the following,
only the previous works related to them are reviewed.

The approximation theory of neural networks has been an active research topic in
the past few decades. Previously, as a special kind of ridge function approximation,
shallow neural networks with one hidden layer and various activation functions (e.g.,
wavelets pursuits [12,41], adaptive splines [19,49], radial basis functions [10, 18,23,
47,57], sigmoid functions [8,13, 14, 15,24, 32,33, 37,40]) were widely discussed and
admit good approximation properties, e.g., the universal approximation property
[16, 24, 25], overcoming the curse of dimensionality [3], and providing attractive
approximation errors in nonlinear approximation [12,18,19,23,41,49,57].

The introduction of deep neural networks with more than one hidden layers
has made significant impacts in many fields in computer science and engineering
including computer vision [31] and natural language processing [1]. New scientific
computing tools based on deep networks have also emerged and facilitated large-scale
and high-dimensional problems that were impractical previously [20,22]. The design
of deep ReLLU networks and high-performance computing technologies are the key of

such a revolution. These breakthroughs have stimulated broad research topics from
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different points of views to study the power of deep ReLLU networks, e.g., in terms of
combinatorics [44], topology [7], Vapnik-Chervonenkis (VC) dimension [4,5,51], fat-
shattering dimension [2,29], information theory [48], classical approximation theory
[3,16,25,38,52,53,54, 59|, optimization [27,28,45], etc.

Particularly in approximation theory, non-quantitative and asymptotic approxi-
mation errors of ReLU networks have been proposed for various types of functions.
For example, smooth functions [21,34, 38,39, 58|, piecewise smooth functions [48],
band-limited functions [43], continuous functions [53,59]. However, to the best of
our knowledge, existing theories [17,21,34,39,42,43,48,55,58,59] can only provide
implicit formulas. In other words, the approximation error contains an unknown
prefactor, or they work only for sufficiently large network size. For example, an
approximation error cqL~2*/¢ for Lipschitz continuous functions on [0, 1]d is esti-
mated in [59] via a narrow and deep ReLU network with L hidden layers, where
cq is an unknown number depending on d. For another example, the existence of a
ReLU network with a constant width and W parameters is constructed in [60] to
approximate a smooth function in C*([0, 1]%) within an error ¢, W =25/4(In W)?s/4,
where ¢, 4 is still an unknown number depending on s and d. Generally, most of
these works can be divided into two cases: 1) networks with varying width and only
one hidden layer [18,23,35,57] (visualized by the region in [F2] in Figure 1.1); 2)
networks with a fixed width of O(d) and a varying depth larger than an unknown
number % [39,59,60] (represented by the region in [HM| in Figure 1.1).

Almost all works listed above answer Problem 1 and 2 for given activation func-
tions and special function spaces. Most of them estimate the approximation error
in terms of the number of parameters. In other words, their approximation er-
rors are only valid for very special network architectures, such as very deep but
very narrow networks, complicated networks generated by compositing shallow-
wide sub-networks and deep-narrow sub-networks, etc., while our approximation
error estimates in this dissertation are valid for arbitrary width and depth up to

absolute constants. It means the shape of our network architectures is a rectangle
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with free choice of width (the maximum width of networks) and length (the depth
of networks), which is of more practical interest in real applications and requires
innovative proofs.

Finally, let us turn to Problem 3. A typical method characterizing optimality in
the approximation theory of neural networks is essentially to study the connection
between the approximation error and VC-dimension [38,52,53,58,59,60]. Of course,
this method relies on the VC-dimension upper bound given in [4]. In this disser-
tation, we adopt this method with several modifications to simplify the proof. As
we shall see later in Section 4.4, the optimality is discussed for two function spaces:
1) the Hélder function space (see Section 4.4.1); 2) the smooth function space (see

Section 4.4.2).
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Chapter

Preliminaries

Before moving to the main body of this dissertation, we first introduce the prelim-
inaries related to this dissertation including notations used throughout this disserta-
tion, the architecture of neural networks, and the general ideas of the approximation

by neural networks.

2.1 Notations

For convenience, we present all notations used throughout this dissertation in
this section. Several notations used only in a particular section are not presented

here.

2.1.1 Basic notations
Basic notations are listed below.
e Let Z and R denote the set of integers and real numbers, respectively.

e Let N denote the set of natural numbers and NT denote the set containing all

positive integers, i.e., N=1{0,1,2,---} and N* ={1,2,3,--- }.

e Matrices are denoted by bold uppercase letters, e.g., A € R™*™ is a real matrix

of size m x n, and AT denotes the transpose of A. Correspondingly, A(4, j)
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is the (7, 7)-th entry of A; A(:,j) is the j-th column of A; A(i,:) is the i-th

row of A.

Vectors are denoted as bold lowercase letters, e.g.,

(%1
T

v=[o,- 0 = |
Vd
is a column vector of size d and v(7) is the i-th element of v. For simplicity, a

vector v € R? can also be denoted by v = (vq,- -+, vg).

By convention, “[” and “]” are used to partition matrices (vectors) into blocks,
e.g., a matrix A can be partitioned into A = [ﬁ;i ﬁ;;] and a row vector v

can be denoted by v = [vy, vy, - -+, v4] € R%

We say a map (transform) £ : R™ — R" is affine linear if there exist W €
R™™ and b € R™ such that £L(x) = W -« + b for any & € R™. In particular,

an affine linear map is also called a linear function in the case n = 1.
For a real number p € [1,00), the p-norm (or fP-norm) of a vector & =

(21,29, -, 1q4) € R? is defined by

. 1/
lllp = (|l P + Jwal” + - + |zal”) ™.

A d-dimensional multi-index is a d-tuple & = (a1, an, -+, aq) € N9, Several

related notations are listed below.

* |laly = |og| + |ag| + -+ + [aql;

* = a{'wy? -1y, where @ = (21,29, - -+, Tq);
x al = arlag! - - ayl;
« OO — 001 o 0%d

— 5] ag agq -
Ox, " Oxq Oz,



2.1 Notations

e Let O(+) denote the big O notation. That is, for any n € N¢ and functions f
and g, f(n) = O(g(n)) means that there exist C' > 0 and ny € N¢ independent
of n, f, and g such that f(n) < Cg(n) when n(i) > ng(i) for all i.

e The floor function (Floor) is defined as |z] := max{n : n < z, n € Z} for
any r € R. |x| means applying |-| elementwisely to @. Similarly, the ceiling

function (Ceiling) is defined as [z] := min{n : n > z, n € Z} for any = € R.

e Similar to “min” and “max”, let mid(zy,xs, z3) denote the middle value of

three inputs z;, =, and 3.9

e For any 0 € [0,1), suppose its binary representation is § = _,°, 6,27 with
0, € {0,1}. We introduce a special notation bin0.610;---60; to denote the

L-term binary representation of 6, i.e., bin0.6:60, - - -0, = 5:1 6,27¢.

e Let Holder([0,1]%, a, A) denote the space of Holder continuous functions of
order a € (0,1] on [0,1]? with a Holder constant A > 0. To be precise, each
function f of Holder([0, 1]¢, o, \) satisfies

[f(@) = fy)l < Az —yll3, for any .y € [0,1]".

e Given £ C R? let C°(F) denote the set containing all functions, all k-th
order partial derivatives of which exist and are continuous on E for any £k € N
with 0 < k < s. In particular, C°(E), also denoted by C(E), is the set of
continuous functions on E. For the case s = oo, C*(E) = N2 ,C*(E). The

C*-norm is defined by
| fllcsmy = max{||8°‘f||Loo(E) s € N? with ||y < s}.

Generally, F is assigned as [0, 1]¢ in this dissertation. In particular, the closed

®Note that “mid” can be defined via mid(x1,x2,23) = 1 + 22 + x3 — max(xy, T2, T3) —
min(x1, x2,x3), which can be implemented by a ReLU network with width 14 and depth 2, as
shown in Lemma 3.8.
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unit ball of C*([0,1]?) is denoted by
Ch([0,1]%) = {f € ([0, 1)) : | fllesqoyay < 1}

e The modulus of continuity of a continuous function f € C([0,1]¢) is defined

by

wi(r) =sup{|f(x) — f(Y)|: [l —yll <r, @,y €[0,1]}, forr>0.

Clearly, wy(nr) < nws(r) for any n € N* and r > 0.

2.1.2 Set notations

All set notations used in this dissertation can be found below.
e The Lebesgue measure of a measurable set S € R? is denoted by pu(S).
e Let |S| denote the size of a finite set S, i.e., the number of all elements in S.

e The set difference of two sets A and B is denoted by A\B :={z:z € A, = ¢
B}.

e For a set of numbers A and a real number z, A —z:={y—z:y € A}

e Let 15 be the characteristic function on a set S, i.e., 1g is equal to 1 on §
and 0 outside S. S can be simply described by one or more conditions, e.g.,

L{n<m) is equal to 1 if n < m and 0 if n > m.

e Let B(x,r) C R? denote the closed ball, in ¢*-norm, with a center & C R? and
a radius r, i.e.,

Blz,r)={y eR: |z -yl <r}.

e Given any K € NT and § € (0, ), define a trifling region Q([0,1]%, K, §) of
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0,1]¢ as
([0, 1%, K,6) = | J {:13 = (21, 1) € [0,1)7 2 € U (£ =4, %)}. (2.1)

In particular, Q([0,1]¢, K,6) = 0 if K = 1. See Figure 2.1 for two examples of

trifling regions.

Q0,1 K,0) for K =4,d=2

— Q([O, 1](], K, 5) for K = 5., d=1 1,1)()777777-‘?—”"7” e

1) 1) 1) 1) 0501

0251 -

0.0( S S ‘
0.0 0.2 0.4 0.6 0.8 1.0 0.00 025 050 075 1.00

(a) (b)
Figure 2.1: Two examples of trifling regions. (a) K =5,d=1. (b) K =4,d =2.

2.1.3 Neural network notations

We list neural network notations as follows.

e Let 0 : R — R denote the rectified linear unit (ReLU), i.e., o(z) = max{0, z}.

max{0,z1}
With a slight abuse of notation, we define o : R? — R? as o(x) = [ ;o }

max{'(],:pd}
for any = (71, -, 24) € R%

e The expression “a network (architecture) with width N and depth L” means

* The maximum width of this network (architecture) for all hidden layers

is no more than N.

« The number of hidden layers of this network (architecture) is no more

than L.

e The expression “a (vector-valued) function is implemented by a network (ar-

2

chitecture)” means, by specifying the parameters as proper real numbers, this
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network (architecture) has the same output as this function for each input.

e We use “NN” as “functions implemented by ReLU neural networks” for
short and use Python-type notations to specify a class of functions imple-
mented by ReLU networks with several conditions. To be precise, we use
NN (cy; ¢a; +++; ¢n) to denote the function set containing all functions im-
plemented by ReLU network architectures satisfying m conditions given by
{ci }1<i<m, each of which may specify the number of inputs (#input), the num-
ber of outputs (#output), the maximum width of all hidden layers (width), the
number of hidden layers (depth), the width in each hidden layer (widthvec),
the total number of parameters (#parameter), etc. For example, if ¢ €
NN (#input = 2; widthvec = [100,100]; #output = 1), then ¢ is a func-

tion satisfying the following conditions.

* ¢ is a two-dimensional function that maps from R? to R.

* ¢ can be implemented by a two-hidden-layer ReLU network that the

number of neurons in each hidden layer is 100.

We would like to point out that each element of NN (ci; co; --+; ¢p) is a

continuous piecewise linear function.

2.2 Architecture of neural networks

There are a large number of types of neural network architectures, e.g., convo-
lution neural networks (CNN), recurrent neural networks (RNN), and generative
adversarial networks (GAN), variational auto encoders (VAE), residual networks
(ResNet), etc. This dissertation focuses on feed-forward fully connected neural
networks. If there are no special instructions, “feed-forward fully connected neural
network(s)” is abbreviated to “network(s)” throughout this dissertation. In this sec-

tion, we will describe the architecture of networks mathematically and intuitively in
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Section 2.2.1 and study the compositions and combinations of network architectures

in Section 2.2.2.

2.2.1 Descriptions

First, we use mathematical formulas to describe network architectures. Assume
o1, +, 0, are one-dimensional functions. Let Ny = d, N;,; € NT, and N, be
the number of neurons in /-th hidden layer of a network with activation functions
01, ++,0, for £ =1,2,---, L, then the architecture of this network with input  and
output ¢(x) can be described as

Wi _q,

T ACILEN Y L hy Lty Wl hia = ¢(z), (2.2)

where W, € RVev1xXNe p, ¢ RNewr
R = Wy by + by = Ly(hy), for¢=0,1,---,L,
and
?Lgm € {Ql(h&n), . ',Qr(hg’n)}, for{=1,2,---,Landn=1,2,---, Ny,

where hy = (hgq, -+, hen,), ?Lg = (Egyl, e ,erL&N(’) foreach ¢ =1,2,---, L, and L, is
an affine linear map given by £,(z) := Wy - z + by for each £ =0,1,2,--- L.

The most common type of activation function is the rectified linear unit (ReLU),
denoted by o in this dissertation. We remark that using the ReLLU activation func-
tion is not much different from using any other continuous piecewise linear
activation function with finitely many linear pieces. In fact, if we let o be a con-
tinuous piecewise linear activation function with finitely many linear pieces, then
we can always replace a network, using one of {0, 7} as activation function, by an-
other network having the other activation function in {o, ¢} while only increasing

the width and depth by absolute constant factors.
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The networks with only ReLU activation function, i.e., 09 = --+ = o, =
o in Equation (2.2), are called ReLU networks. In this case, the set of func-
tions implemented by the architecture in Equation (2.2) is exactly NN (#input =
d; widthvec = [Ny, No,---, Nr|). Moreover, the (vector-valued) function ¢ imple-
mented by the network in the Equation (2.2) can also be represented in a compositive
manner by

¢p=LroocoL; 1000 --- oLgocgoLio00L,.

In particular, if r = 2, oy = o, and go(x) = |z| for any = € R, the network
described by Equation (2.2) is a Floor-ReLU network. We will discuss more details
of Floor-ReLU networks in Chapter 5.

To visualize the network architecture, we take ReLLU networks as examples. Fig-
ure 2.2 provides an example of a ReLLU network with width 4 and depth 3. Note
that the affine linear transform and the activation function are contained in a single
neuron in Figure 2.2. To make the architecture of a ReLU network more clear, we
put the affine linear transform and the activation function into different neurons in

another example shown in Figure 2.3.

Input Hidden Hidden Hidden Output
/////ZJ o Sl
Q )y v >/ > _/\
N/
: W MZ v > : < W, 7
\\\\\EJ 3 30

Figure 2.2: An example of a ReLU network with width 4 and depth 3. This network
has two neurons in the input layer, one neuron in the output layer, and four neurons

in each hidden layer.
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o ~
o ~
o |——— [,
a 7 .
—| ha3 (1, 22)

o .
4>
o -
4’
T g T
4>
o =
4’
o .
4’
o .

Wo, by ReLU (o) ~ Wi, by ReLU (o) ~ Ws, by
_—

(w1, 22) o 1 h, I hy———h, I (w1, x2)

Figure 2.3: A detailed example of a ReLU network with two inputs z1, x5 and an
output ¢(1‘1,$2)- Here, h; = (h1,17h1,2,h1,3,h1,4)> hy, = (h2,17h2,2,h2,3>h2,47h2,5)7
h, = U(hl) = (hl,l,h1,2> h1,3> h1,4), and hy = U(h2) = (h2,1, h2,2, h2,3,h2,4,h2,5)-

2.2.2 Compositions and combinations

We use a lemma below to describe the compositions and combinations of ReLLU

network architectures.
Lemma 2.1. The following three statements hold.

(i) For any N,L,dy,dy,ds,dy € N, assume that £, : R4 — R® and L, :
R% — R% are two affine linear maps, and ® € NN (#input = do; width <
N; depth < L; #output = ds). Then

® o L, € NN (#input = dy; width < N; depth < L; #output = d3)
and

Ly 0 ® € NN (#input = do; width < N; depth < L; #output = dy).

(i) For any Ny, Na, Ly, Lo, dy,ds,ds € NT, if @1 € NN (#input = d;; width
Ny; depth < Lj; #output = dp) and ®; € NN (#input = dy; width <
Ny; depth < Lo; #output = d3), then ®5 0 @y is in

IN

NN (#input = dy; width < max{Ny, Na}; depth < Ly + Ly; #output = d3).
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(iii) For any Ni,Na, Ly, Ly,d € Nt and a,b,c € R with Ny > 2 and Ny > 2, if
&1 € NN (#input = d; width < Ny; depth < Ly; #output = 1) and ¢y €
NN (#input = d; width < Ny; depth < Lo; #output = 1), then ag; + by + ¢

18 1N
NN (#input = d; width < Ny + Ny; depth < max{Li, Ly}; #output = 1)

Proof. Let first prove Part (i). The case L = 1 is trivial, we consider L > 2 below.
Since ® € NN (width < N; depth < L), there exist two affine linear maps 21,22
and Wy, ¥y € NNV (width < N; depth < L — 1) such that

&=V, 000L;, and ®=Ly000W,
Therefore,
®oLl, =W 000L10L; = W,000L,, and Ly0® = Ly0Ls000W, = LoogoW,,
where El = /31 o/L; and EQ =Ly0 EAQ are two new affine linear maps, implying
® o L € NN (#input = dy; width < N; depth < L; #output = d3)
and
Ly 0 ® € NN (#input = do; width < N; depth < L; #output = dy).

Next, let us focus on Part (ii). The case L1 = 1 or Ly = 1 is trivial, so we assume
Ly > 2 and Ly > 2 below. Since ®; € NN (width < Ny; depth < L;) and @, €
NN (width < Ny; depth < L), there exist ¥, € NN (width < Ny; depth < L; —1)
and Wy € NNV (width < Ny; depth < Ly — 1) such that

P, =LioocoW,;, and Py =Wy000L,,
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where L1, Lo are two affine linear maps. Therefore,
Pr0P =Wy000Ly0LiocoW; =Wy000Loogo Wy,

where £ = L50L, is a new affine linear map. Thus, ®,0®; can be implemented by a
ReLU network with width max{ Ny, No} and depth (L;—1)+1+1+(Ly—1) = L1+ Lo,
implying ®5 o ®; is in

NN (#input = dy; width < max{Ny, No}; depth < L; + Lo; #output = d3).

Finally, let us consider Part (iii). Let t denote the one-dimensional identity map.
As shown in Figure 2.4, t can be understood as an implementation of a ReLLU network

with an arbitrary number of hidden layers and width 2. Thus, for j = 1,2, to¢; can

/4)
D

Figure 2.4: An illustration of the implementation of the identity map by a ReLLU

network based on the fact c o0 = 0.

be regarded as an implementation of ReLU network with max{Ly, Lo} hidden layers
and width max{N;,2} = N;. By placing the two networks implementing t o ¢; and

Lo ¢ in parallel (share the inputs), we have
® € NN (#input = d; width < N; + Ny; depth < max{Ly, Lo}; #output = 2),

where ® : R? — R? is defined by ®(z) = (¢1(x), ¢2(x)) for any & € R?. Define
an affine linear map £ : R*? — R via L(z,y) = az + by + ¢. By Part (i), we
have agy + by + ¢ = Lo ® € NN (#input = d; width < N; + Ny; depth <
max{Ly, Ly }; #output = 1). So we finish the proof. O
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2.3 General ideas of approximation by networks

In this section, we discuss the general ideas of approximation by networks. Uni-
versal approximation theorem shows that one-hidden-layer networks can approxi-
mate continuous functions arbitrarily well on [0,1]? as long as the network size is
large enough. However, it is non-trivial to characterize the approximation error in
terms of the width and depth simultaneously as we will do in later chapters. Thus,

let us discuss the general ideas to warm up the later constructions and proofs.

2.3.1 ReLU networks

First, let us consider the approximation by ReLU networks. To illustrate the gen-
eral ideas, we take continuous functions as examples. The ideas of smooth functions
are similar by applying Taylor expansion, as we shall see later in Section 4.3. To
approximate a continuous function f on [0, 1]¢, we essentially construct a piecewise
constant function via function compositions. However, piecewise constant functions
cannot be implemented by ReLLU networks because of their discontinuity. To over-
come this, we introduce the trifling region ([0, 1]¢, K, §), defined in Equation (2.1),
and construct ReLU networks to implement almost piecewise linear functions to
approximate the target functions outside the trifling region. For the sake of clarity,

we divide the main ideas into four steps. See Figure 2.6 for an illustration.

1. Normalize f as f, partition [0,1]¢ into a union of sub-cubes® {Qp}sefo1, k-1}4
and the trifling region Q([0,1]%, K,§), and let &z denote the vertex of Qg with
1

minimum ||- ||; norm, where K € N* and ¢ € (0, 53] are two numbers determined

later. See Figure 2.5 for illustrations of Q([0,1]%, K,d), Qg, and xg for any
Bel01, -, K1},

2. Construct a sub-network to implement a vector-valued function ®; : R — R?
projecting the whole cube @)z to the d-dimensional index 3 for each 3, i.e.,
®,(x) = 3 for all x € Qg and each B € {0,1,---, K — 1}%.

@For simplicity, we abbreviate (d-dimensional) hypercube to cube.
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3. Construct a sub-network to implement a function ¢, : R¢ — R mapping the index
B approximately to f(xg) for each 3. Then ¢90 ®1(x) = ¢2(8) ~ f(a:ﬁ) for any
x € Qp and each 8 € {0,1,---, K — 1}%, implying ¢ = ¢ o ®; approximate f

within an error O(ws(1/K)) outside the trifling region.

4. Re-scale and shift gg to obtain a function ¢ approximating f well outside the
trifling region. Then modify ¢ to let it approximate f uniformly well on [0, 1]¢

and determine the network architecture implementing the modified function ¢.

Q[0 1)), K.0) for K=4,d=2

| — Q([O, 1]d, K, 5) for K=5,d=1 Qp for B € {0,1,2,3)2

* axgfor Bef0,1,23}°

E — Qﬂ for ,@ S {0, 1, 2,3,4} E 01| e —
i ok zxgfor B8e{0,1,2,3,4} .
| 0 0 0 0 |

M
QL @ Qs @

0.0 0.2 0.4 0.6 0.8 1.0 TG00 0% 050 055 LD

(a) (b)

Figure 2.5: Tllustrations of ([0, 1], K, ), Qs, and &g for any 3 € {0,1,---, K—1}<.
(a) K=5andd=1. (b) K=4and d=2.

- ;! 'K L‘l’t}l K 7 1, d
Qpfor B € {0,1,2,3)
A set, of A set of function val
set o set of function values
oo f ol os P (x)=0 . . L p2(B)=f(xg) .
=t ———> d-dimensional indices: ——> at representatives:
0.5 . - = . fOI‘ meQ
| efelele P Befo1, -, K1} {f(xg): B {0,1, -+, K —1}%}
Quo [§ Qi B Qo2 8 Qus

Figure 2.6: An illustration of the main ideas of constructing ¢ = ¢ o ®;. Note that
¢ = f on [0,1]N\Q([0,1]%, K, 0), since ¢(x) = ¢z 0 ®1(x) = ¢2(B) = f(xp) for any
x € Qg and each B € {0,1,---, K — 1},

The first step is straightforward. The construction of ®; in Step 2 is trivial if the
network size is large enough. To control the width and depth of the network imple-
menting ®,, we establish a theorem, Theorem 3.12 in Section 3.4, to help construct

®,. Assume ¢; is the one-dimensional step function attained by Theorem 3.12, then
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we can attain ®; via defining

P (x) = (¢1($1)a G1(m2), -, ¢1(37d))7 for any x = (z1,22,---,24) € R

See Figure 2.7 for an illustration.

- "

trifling region

O =N W

0 1/4 2/4 3/4 1

Figure 2.7: An example of a step function for the case K =4 and d = 1. We do not
need to care about the values of ¢; in the trifling region while constructing a ReLLU

network to implement ¢;.

Step 3 is the core step. We would like to point out that we only need to let ¢ map
3 approximately to f(:c,@) within an error O(ws(1/K)) for each 3 € {0,1,---, K —
1}¢ when constructing ¢, in Step 3. In other words, it is not necessary to care
about the values of ¢, outside the set of points {0,1,---, K — 1}¢, which plays a
key role in constructing a ReLU network to implement ¢ in Step 3. Thus, with ®,
in hand, a function approximation problem is converted to a point fitting problem
for ¢, via the idea of function compositions (¢, o (I’l),® which reveals the power of
function compositions in some sense. However, designing a network to solve such
a point fitting problem is still a challenging task due to the limitation of the width
and depth of the target network. To simplify the construction of a ReLU network
solving this point fitting problem, we investigate the width power (Theorem 3.2)
and the depth power (Theorem 3.4) of ReLLU networks to fit a collection of points
in Section 3.2.1 and 3.2.2, respectively. Then we can construct the desired ReLLU
network by combining these two properties together.

The final step is pretty technical, since ¢ may oscillate greatly in the trifling

region. To overcome this, we use two main ideas: “horizontal shift” and “middle

®Solving a point fitting problem is to design a function to fit a collection of points {(z;i,y:)}: in
RI*1 namely, the target function takes the value close to y; at the location x;.
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value”. For example, if g approximates a one-dimensional continuous function f

well except for an interval in R with a small length ¢§, then

mid(g(x —4),9(), g(z + 5))

can approximate f well on the whole domain R, where mid(:,-,-) is a function

returning the middle value of three inputs. See Section 3.3 for more details.

2.3.2 Floor-ReLU networks

Next, let us discuss the general ideas of the approximation by Floor-ReLU net-
works, which are similar to those of ReLU networks except for the trifling region.
Since Floor-ReL.U networks can approximate step functions uniformly well on [0, 1]¢,
we do not need to introduce the trifling region again. The main ideas can be divided

into four steps as follows.

1. Normalize f as [ satisfying f(z) € [0,1] for any x € [0, 1]%, partition [0, 1]? into
a set of non-overlapping cubes {Qs}geo,1,..,k—1}¢, and denote xg as the vertex
of Qg with minimum || - ||; norm, where K is an integer determined later. See

Figure 2.8 for the illustrations of Qg and xg for any 8 € {0,1,---, K — 1}<.

2. Construct a Floor-ReLLU sub-network to implement a vector-valued function ®; :
R? — R? projecting the whole cube Qg to the index 3 for each 3, i.e., ®1(x) = 3
for all x € Qg and each 3 € {0,1,---, K — 1}%.

3. Construct a Floor-ReLU sub-network to implement a function ¢, : R — R

mapping B € {0,1,---, K — 1}? approximately to f(zg), i.e., ¢2(B) =~ f(xg)
for each 3. Then ¢y 0 ®1(x) = $o(B) ~ f(a:g) for any * € Qg and each
B € {0,1,---, K — 1} implying ¢ = ¢y o ®, approximates f within an error

O(ws(1/K)) on [0, 1]%.

4. Re-scale and shift 5 to obtain the desired function ¢ approximating f well and
determine the final Floor-ReLLU network to implement ¢.
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: * zgforﬂe{o,u-.,K—1}": x  apfor Be {01, K—1}
I I I I I | L
I I I I I

I I I I I

I I I I I _
U[0.1/4) 1 [1/4.2/9)1 [2/4,3/01 [3/4,1] | 3/4

| I

Lo @) @l el i

I I I I I

I I I I | 1/4F -
I I I I I

I I I I I

I I I I | O 4 -
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0 1/4 2/4 3/4 1 0 1/4 2/4 34 1

(a) (b)

Figure 2.8: Illustrations of Qg and g for any 8 € {0,1,---, K — 1}%. (a) K =
4, d=1. (b) K =4, d=2.

The implementations of Step 1, 2, and 4 are straightforward. Step 3 is the core step.
Similar to ReLLU networks, we only need to solve a point fitting problem due to the
power of function compositions. It is still a highly technical problem. Thus, we
introduce a proposition, Proposition 5.6, to help implement this step. As we shall
see later in Section 5.3, the key idea of proving Proposition 5.6 is the modified “bit
extraction” technique derived from [5].

Finnaly, we would like to point out that the key reason Floor-ReLLU networks
can attain much better approximation errors than those of ReLU networks is that
Floor (|x]) has infinite (constant) pieces, while ReLU (max{0,z}) has only two
(linear) pieces. Thus, roughly speaking, one Floor activation function can do what
many ReLLU activation functions do in our construction. For this reason, compared
to ReLLU networks, Floor-ReLU networks attain significantly better approximation

errors.
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Basic results of ReLU networks

In this chapter, we introduce several basic results of ReLLU networks, which will

be used in the later chapters.

3.1 Wide networks to deep ones

Generally, it is easier to construct shallow and wide sub-networks to meet the
requirements during designing the final network. To control the width of the final
network, we consider representing wide and shallow networks by deep and narrow
ones. To this end, we establish a theorem, Theorem 3.1 below, to convert wide

networks with two hidden layers to deep and narrow ones.
Theorem 3.1. For any N, L,d € NT, it holds that

NN (#input = d; widthvec = [N, NL]; #output = 1)
C NN (#input = d; width < 2N +2; depth < L + 1; #output = 1).
This theorem shows that if a function ¢ can be implemented by a two-hidden-
layer ReLLU network that the first and second hidden layers have N and N L neurons,

respectively, then there exists a new ReLU network with width 2V 4 2 and depth
L + 1 to implement ¢.

25
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hy]

Figure 3.1: An illustration of the main idea of proving Theorem 3.1

The key idea to prove Theorem 3.1 is to re-assemble sub-networks in the shallower
network in the left of Figure 3.1 to form a deeper one with width O(N) and depth
O(L) on the right of Figure 3.1.

Proof of Theorem 3.1. For any ¢ € NN (#input = d; widthvec = [N, NL|; #output =
1), ¢ can be implemented by a ReLU network described as

Wo, b Wi, b Wa, b
T 0 Og 1 1h 2 2(25(58)

o o )

where g and h are the output of the first and second hidden layers, respectively.

That is,

g=cWy-x+by), h=c(W;-g+by), and o¢(x)=Wsy-h+ b,.

We can evenly divide h € RN b € RV, W, € RYXN and W, € RN into L

parts as follows.

hl b171 Wl 1
h = h2 ) bl - b1.72 ) Wl = Wl ’ )
hL b1,L Wl,L

and W2 = [WQJ, WQ,Q, o '7W2’L], where he S RN, bL[ S RN, WLg S RNXN, and
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Wy, € RN for ¢ =1,2,--- L. Then, for £ =1,2,---, L, we have
L
hy=0(Wie-g+biy) and ¢(x)=Wa-h+by=) Wy -hj+by. (31)
j=1
Define
¢
so:=0 and SK::ZWM-hj, for{=1,2,---, L.
j=1

Then ¢(x) = Wy - h + by = sp, + by and
Sp = Syp_1 + ng - hy, for{=1,2,---,L. (32)

Hence, it is easy to check that ¢ can be also implemented by the deep network shown

in Figure 3.2. Clearly, the network architecture in Figure 3.2 is with width 2NV + 2

O%U -
/‘ 52 5“ ——>5L+b2—<l>()
Jog -/n
.HEHJ () a
Figure 3.2: An illustration of the desired network implementing ¢ based on Equa-
tion (3.1) and (3.2), and the fact x = o(x) — o(—x) for any z € R.®

and depth L + 1. So we finish the proof. O

3.2 Power of networks to fit points

As mentioned earlier in Section 2.3, we need to construct a ReLU sub-networks

with the desired width and depth to solve a point fitting problem. To this end,

@In this figure, we omit ReLU (o) for a neuron if its output is non-negative without ReLU. Such
a simplification will be applied to similar figures in the rest of this dissertation.



28

Chapter 3. Basic results of ReLU networks

we discuss the power of ReLU networks to fit points from two perspectives: 1) the
width power of ReLU networks to fit points in Section 3.2.1; 2) the depth power of
ReLU networks to fit points in Section 3.2.2.

3.2.1 Width power of networks to fit points

Let us first discuss the width power of ReLLU network to fit points. Roughly
speaking, we would like to minimize the width by fixing the depth when constructing
ReLU networks to fit a given number of points. In fact, we prove in Theorem 3.2
that a function ¢ € NN (#input = 1; widthvec = [2m,2n + 1]; #output = 1) can
fit m(n + 1) + 1 points in R? with several conditions.

Theorem 3.2. For any m,n € N*, given any m(n + 1) + 1 samples (z;,y;) € R?
with Tp < 1 < T3 < -+ < Typny1) and y; > 0 for i = 0,1,--- m(n + 1), there
exists ¢ € NN (#input = 1; widthvec = [2m,2n + 1]; #output = 1) satisfying the

following three conditions.
(i) ¢(z;) =y; fori=0,1,---,m(n+1).
(i1) ¢ is linear on each interval [x;_1,x;] for alli ¢ {j(n+1):j=1,2,--- m}.

(i1i) ¢ is bounded by a constant determined by m,n,x;,y; fori =0,1,--- m(n+1).
To be exact,

Sup x S C max i
xe[xm:tm(?’ﬂrl)] |¢( )| i€{0’17"'7m(n+1)}y

where

C=1+ H (1 +max{xj(n+1)+n — L)kl :7=0,1,---,m— 1}) .
b1 Ljn+1)+k — Lj(n+1)+k—1

We would like to point out that ¢ may not be linear on an interval [z;_q,x;] for

some i € {j(n+1):j=1,2,---,m}. So ¢ may oscillate greatly in the region

(i1, 2],
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which is called the “don’t-care” region in the proof of Theorem 3.2. However, we are
able to choose the values of xg, 21, -+, Zp(ne1) properly to make the “don’t-care”
region small enough, the idea of which is similar to that of the trifling region defined
in Equation (2.1).

Before proving Theorem 3.2, let us first study the properties of ReLU networks
with only one hidden layer to warm up in Lemma 3.3 below. Recall that for a
continuous piecewise linear function f(z), the x values where the slope changes are

typically called breakpoints.

Lemma 3.3. Suppose ¢ € NN(#input = 1; widthvec = [N]; #output = 1) can be

implemented by a RelL U network architecture

T W, bo h o ii Wi, by ¢(SC)

That is, ¢(x) is a function determined by Wy, by, W1, and by. Given a sequence

of strictly increasing numbers xo, 1, -+, Ty, set Wy = (1,1,---,1) € RN and
by = (—xg, —x1, -+, —xy_1) € RY. Then we have
(i) The breakpoints of ¢ are exactly xo,x1,- -+, xN on the interval [z, xN]®;

i) For any sequence (y;)~N.,, we are able to choose Wy and by properly such that
=0
¢(x;) = y; fori = 0,1,--- N and ¢ is linear on each interval [x;, x;11] for

i=0,1,---,N—1.

Part (7) in Lemma 3.3 is straightforward. The existence in Part (i) is equivalent
to the existence of a solution for a non-singular system of linear equations, which is
left for the reader.

With Lemma 3.3 in hand, we are ready to prove Theorem 3.2.

Proof of Theorem 3.2. For any ¢ € NN (#input = 1; widthvec = [2m, 2n+1]; #output =

@OWe only consider the interval [zg, zy] and hence zy and xy are treated as breakpoints. ¢(z)
might not have a real breakpoint in a small open neighborhood of xg or .
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1), ¢ can be implemented by the following ReL.U network architecture

w0l Ty P, g oG D (), (3.3)

Clearly, ¢(x) is a function determined by Wy, by, W1, by, Wy, by. So our goal is to
choose Wy, by, W1, by, Wy, by properly in order to make Condition (i)-(iii) true.
Note that g = g(z) is a vector-valued function mapping r € R to g(z) € R#"*!
and determined by Wy, by, Wi, b;. Hence each entry of g(x) itself is a function imple-
mented by a sub-network with one hidden layer. Denote g = (g0, 97, 975+, 9., 9.),
then {90, 9., 97, ., 97,9, } € NN (#input = 1; widthvec = [2m]; #output = 1).
See Figure 3.3 for an illustration of g = (g0, 97,97, +,9,9,) and g = o(g) =

(90,917,919, g,) for the case m = n = 2. Our proof of Theorem 3.2 is mainly

o [~
)
O——0
D——
D=0
D——&
O—0
D@
O——0
o [~
(o)

Wo, bo h ReLU (o) ~ Wi, by ReLU (o Ws, by

2 2
h g———4g

Figure 3.3: An illustration of g = (g0,97,91, .9 ,9,) and g = o(g) =

(0. G+ Gr -+ G Gy ) for the case m =n = 2.

based on the repeated applications of Lemma 3.3 to determine Wy, by, W7, by, W5, by
such that Conditions (i)-(iii) hold.

To simplify the notations, we define two index sets Z; (m, n) and Zy(m, n) for any
m,n € NT as

Zi(m,n) ={jn+1):5=1,2,---,m}

and

Zy(m,n) =Ty (m,n) U (Z;(m,n) — 1) U{0},
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where Z;(m,n) —1 = {k—1: k € Zy(m,n) }. For example, Z;(4,4) = {5, 10, 15, 20}
and Z,(4,4) = {0, 4,5, 9,10, 14,15, 19,20}.

Step 1: Determine W; and by.

Clearly, the index set Zy(m,n) has 2m + 1 elements. Convert the point set
{z; : i € Iy(m,n)} in ascending order to a vector & = (&,&1,- -+, &) € R*™TL
Then set Wy = (1,1,--+,1) € R* ! and by = (— &, —&1, -+, —am—1) € R*™. Note
that &om = Ty(n1) is the right endpoint of the interval [zg, Zpmi1)]. By Lemma 3.3

(set N = 2m therein), we have

e All functions in {go, 9,91, ., 9., g, } have the same set of breakpoints
{§:7=0,1,---.2m} = {mz 1 GIg(m,n)},

that is, each function in {go, gy, 97, -+, 9, g, } is linear between any two

adjacent points of {xl i € Iy(m, n)}, no matter what Wi and b, are.

e We are able to identify W, € RZ*+1)x2m and by € R**H! to freely determine
the values of each function in {go, g, , 91, ", 9., g, } at all points of {:1:Z i€

Zy(m,n)}.

Step 2: Determine W; and b;.

This is the key step of the proof. Our ultimate goal is to set up

g = (907gf7g1777g;7977>

by determining W; and b; such that, after a nonlinear activation function (ReLU),
there exists a linear combination in the last step of our network (specified by W5 and
by as shown in Equation (3.3)) that can generate a desired function ¢(x) matching
the sample points {(2;, ¥;) fo<i<m(n+1)- In the previous step, we have determined the

breakpoints of {go, g, g1, *, 9., g } by setting up Wy and by; in this step, we will
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identify W, € RZn+0x2m and b, € R?**! to fully determine {go, g1, g1, g7, 95 }.

This will be conducted in two sub-steps.
Step 2.1: Set up.
Let fo(x) be a continuous piecewise linear function defined on [0, 1] satisfying
o fo(x;) =y forallie{0,1,--- ,m(n+1)}.
e fo is linear between any two adjacent points of {z; : i € {0,1,---,m(n—+1)}}.

Note that {x; : i € Zy(m,n)} is the set of breakpoints of go. By Lemma 3.3 and
the setting of Step 1, we are able to choose W7(1,:) and by(1) properly such that
go(z;) = fo(x;) for all i € Zy(m,n) and g is linear between any two adjacent points
of {xz (i€ Ig(m,n)}.

We would like to inductively construct a sequence of fy for all k € {1,2,--- , n+1}

satisfying
o fi(r;)) =0forallic U J(Zy(m,n) —n—1+)U{mn+1)}
e f; is linear on each interval [z;_q, ;] for all i ¢ Z;(m,n).

As we shall see later in Step 3, the construction of the final function ¢ is mainly
based on f,41.

First, let us consider the case k = 1. Define f; := fo — go, where gy = 0(g0) = 9o
as shown in Equation (3.3), since g is positive by the construction of Lemma 3.3.

Note that
(Ziy(m,n) —n—1)U{m(n+1)} = {jin+1):5=0,1,---,m} C Zy(m,n).

Then we have
o fi(z;) = fo(zi) —go(x;) =0 foralli € (Zy(m,n) —n—1)U{m(n+1)}.

e fi is linear on each interval [z;_1, z;| for all i.
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Thus, the desired f; has been constructed. See Figure 3.4 (a) for an illustration of

Jo, f1, and go.

Step 2.2: Mathematical induction.

The initialization of the mathematical induction, f;, has been constructed in
Step 2.1. Hence, it is enough to show how to proceed with an arbitrary k. See
Figure 3.4 (b)-(d) for the illustration of the first two induction steps.

Now assume f; is defined for some k € {1,2,---,n}, we need to construct fj1

satisfying similar conditions as follows.
o fii1(z;)=0forallie Ul (Zi(m,n) —n—1+)U{m(n+1)}
e fi41 is linear on each interval [x; 1, z;] for all i ¢ Z;(m,n).

Then we shall determine
W1(2]€, 2), b1<2]€>, W1(2k: + 1, 2), and b1(2]€ + 1)

to completely specify ¢;" and g, , which in turn can determine fj.;. This induction

process can be further divided into four sub-steps.

Step 2.2.1: Define index sets.
Define
A (myn) = {7 fi(Tjminyn) >0, 0 <5 <m}
and
Ay (mon) = {j: fu(@jmr+x) <0, 0 < j <m}.

Clearly, A (m,n) U A, (m,n) = {0,1,---,m — 1}. Recall that g; and g, are two
continuous piecewise linear functions with the same set of breakpoints {xz NS

Zy(m,n)}. We will use Af(m,n) and A; (m,n) to generate 2m + 1 samples in

{(m,y) eR*:ze{z:i GIg(m,n)}}
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f2 /3
0.00 0.5 0.50 0.75 1.00 0.00 0.5 0.50 0.75 T.00

(c) (d)
Figure 3.4: Illustrations of the proof of Theorem 3.2, especially Step 2 of the

proof, when m = n = 4, with the “don’t-care” region Ujcz, (mn)[Ti—1, ;] in red.
90s 91 s 91,97, g, share the same set of breakpoints {x; : i € Zo(m,n)} marked
with black “diamonds”. A} and A; are short of A (m,n) and A, (m,n), respec-
tively. (a) Given samples {(z;,y;) : ¢ = 0,1,---,m(n + 1)} marked with black
“stars”, let fo(z) be the continuous piecewise linear function fitting these samples,
construct gy such that f; = fo —o(go) is closer to 0 than fy in a larger subset of the
“important” region. (b) Construct g and g; such that fo = f; — o(gf) + o(gy) is
closer to 0 than f; in a larger subset of the “important” region. (c¢) Construct gy
and g, such that f3 = fo — 0 (g5 )+ 0(gy ) is closer to 0 than f, in a larger subset of
the “important” region. (d) The visualization of f3, which is 0 in the “important”
areas that have been processed and may remain large near the “don’t-care” region.

fr will decay quickly to 0 outside the “don’t-care” region as k increases.
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to fully determine g; and g; by identifying Wy (2k,:), by (2k), W1 (2k + 1,:), and
bi(2k + 1) in the following steps.

Step 2.2.2: Determine W5(2k,:) and by (2k).

By Lemma 3.3 and the setting of Step 1, we can choose W5 (2k, :) and by(2k) to
fully determine g, such that each g, (z;) matches a specific value for all i € Zy(m, n).

Note that Zy(m,n) is the union of three sets: {m(n + 1)},
{j(n+1):j € Af(m,n) UA; (m,n)},
and
{i(n+1) +n:je N (mn)UA; (m,n)}.
The values of {g; (z;) : i € To(m,n)} are specified as as follows.

o If j € Aj (m,n), specify the values of g; (;(n+1)) and gi (2jn41)+n) such that

I (@jmsnyr—1) =0 and g7 (@5m41)1k) = fe(@jmrn)+x) > 0.

The existence of these values fulfilling the requirements above comes from the
fact that g; is linear on the interval [2;(n41), Tj(nt+1)+n) and gi only depends

on the values of g (2jmi1)+5-1) and g;(xj(nﬂ)%) ON [T(nt1)s Tj(nt1)4n)- S€C

Figure 3.5 for an illustration. Now it is easy to verify that g = o(g;") satisfies

* 5;(17j(n+1)+e) =0for{=0,1,---,k—1 and
9t (Tjme)+k) = Se(@jmery+n) > 0.

% g is linear on each interval [2(n11)16; Tjni1)+e41) forall € € {0,1, -+, n—

).

o If j € Ay (m,n), let g (2jms1)) = 93 (Tjns1)+n) = 0. Then g = a(g) =0

on the interval [2;(11), Zj(mt1)4n)-
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*
»*
0 * 9k
* gr =olgy)
Tj(n+1) Lj(n41)+k—1 Lj(n4+1)+k Lj(n4+1)+n

Figure 3.5: An illustration of ¢ and g = o(gf). To design fry1 with
Je41(Tjns1)+x) = 0, we shall specify the y-coordinates of two blue “stars” as
fe(@jmi1)y+h-1) = 0 and fr(Tjmi1y4x) > 0, respectively. Four “stars” should be
kept in a straight line. Thus, two blue “stars” determine two black “stars”, which in
turn determine g,j on [xj(nﬂ), xj(n+1)+n] since the xz-coordinates of two black “stars”
are two adjacent breakpoints of g;". By doing so, we have fi, — ;" = 0 at zj(41)4

for ¢ =0,1,---,k, which is a big step forward in constructing fr.1.
e Finally, specify the value of g; at @41y as 0.

Step 2.2.3: Determine W5(2k + 1,:) and by(2k + 1).

Similarly, we choose W5(2k 4 1,:) and by(2k + 1) such that g, matches specific

values as follows.
o If j € A, (m,n), specify the values of g, (2;ns1)) and g, (Zjm+1)4n) such that
9, (Tjmt1)+e-1) =0 and g, (Tjmnt1)4k) = —[e(Zjms1)+x) > 0.
Then g, = o(g, ) satisfies
* Gy, (Tjnt1)+e) =0for £ =0,1,---,k —1 and

9, (Tjms1y+k) = = fe(@jn1y+x) > 0.

% g, is linear on each interval [2;(n41)4¢, Tjm+1)+e41] forall £ € {0,1,--- ,n—

).

o If j € A,j(m,n), let g, (Zjm+1)) = 9% (Tjnt)+n) = 0. Then g, = o(g, ) =0 on

the interval [Z;(m11), Zj(nt1)4n)-
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e Finally, specify the value of g, at @,,(n41) as 0.

Step 2.2.4: Construct fi41 from g; and g; .

For the sake of clarity, the properties of g and g, constructed in Step 2.2.3 are

summarized below.
o Gi(x:) =; (x:) =0 for all i € UM (Zy(m,n) —n—1+0) U{m(n+1)}.
o If j € A (m,n), G (Tjminyrn) = fe(@jminyta) > 0 and g (2j(ni1)44) = 0.
o If j € Ay (m,n), Gy (Tjtminyrr) = —fi(jtmrnyta) > 0 and G (2jni1y1x) = 0.

e g and g, are linear on each interval [Tj(,11)1e, Zj(nt1)+e41] for each ¢ €
{0,1,---,n—1} and each j € A (m,n)UA, (m,n) ={0,1,---,m—1}. In other
words, g;” and g, are linear on each interval [x; i, ;] for all i ¢ {j(n+ 1) :

j=12,--+ m}=1Iy(m,n).

See Figure 3.4 (a)-(c) for the illustration of go, g7, 97, g5, and g5, and to verify

their properties as listed above. By the induction hypothesis, we have
o fi(z;) =0forallic U (Zy(m,n) —n—1+)U{mn+1)}
e fi is linear on each interval [z;_q,x;] for all i & Z;(m,n).

Thus, fi(x;) — g (x:) + g5, (x;) = 0 for all ¢ in

(u’g;g (Ti(myn) —n — 1+ 0) U {m(n + 1)}) U {j(n+ D) +k:je A (mn) UA,;(m,n)}

= Ul (Ti(m,n) —n — 1+ ) U{m(n+1)},

where the equality comes from the fact AJ (m,n) UA; (m,n) ={0,1,---,m —1}.
Therefore, by defining
Srer = fo — 95 + 0

we have

o frii(z;)=0forallie Ul (Zi(m,n)—n—1+£)U{m(n+1)}
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e fi41 is linear on each interval [x;_q, z;] for all i & Z;(m,n).

See Figure 3.4 (b)-(d) for the illustration of fi, fo, and f5, and to verify their
properties as listed just above. This finishes the mathematical induction process.
As we can imagine based on Figure 3.4, when k increases, the support of f; shrinks

to the “don’t-care” region.

Step 3: Determine W, and b,.

With the special vector-valued function g = (g0, 97,97, +, 9, g, ) constructed

in Step 2, we are able to specify W5 and by to generate a desired ¢(x) matching the
samples {(;, yi)}OSiSM(nJrl)-

In fact, we can simply set Wy = (1, 1,—1, 1,—1,---, 1,—1) € R+ and
by = 0, which finishes the implementation of ¢ = go+ >, 9, — >.;_1 97 - The
rest of the proof is to verify the properties of ¢. By the principle of mathematical

induction, we have
 fori=S1+>0 10 —0)=fo—G0— > 010 + 2010 = fo— o

e furi(x;) =0 for all i in
Upo(Zi(m,n) —n—-1+0)U{mn+1)} = {0,1,---,m(n+1)}.
e f,.1 is linear on each interval [z;_1, ;] for all ¢ & Z;(m,n).
Hence, ¢ = go+ > )19 — >p-19; = Jo — fus1. Then
O(x:) = folwi) = farr(z:) =i, forallie{0,1,---,m(n+1)},

which verifies Condition (i), and ¢ = fo — f,11 is linear on each interval [z;_1, x;]
for i ¢ Z,(m,n), which verifies Condition (ii). It remains to check that ¢ satisfies

Condition (iii).
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By the definition of f; = fy — go, we have

— max i < —go(x) < folz) — go(x) < folz) < max i)
S o) < fo@) ~ o) < ole) € max y

for any x € [zo, Zymns1)], implying

sup filx)] < max ;.
ze[xo,xm(n+l>}’ (@)l i€{071,4..7m(n+1)}yz

By the induction process in Step 2, for any k € {1,2,---,n}, it holds that

sup [ ()] < C(m,n)  sup | fi()]

me[x07mm(n+1)] $€[$0,$m(n+1)}

and

sup  [g, (2)] < Ci(m,n) sup  [fu(@)],

$€[$0,$m(n+1)] Ie[wO7Im(n+l)]

where

Cr(m,n) == max {ﬂfj(n+1)+n — Tin+ 4kt j=0,1,---,m— 1}.
Tjn+1)+k — Tj(n+1)+k—1

Since either g, (x) or g, (z) is equal to 0 for any = € [xg, Zm(nt1)], we have

sup  [gg (¢) — g (2)] < Cx(m,n) — sup [ f(x)].

xe[m07xm(n+1)] $€[I0,I7,L(n+1)}

It follows from fii1 = fr — g + g, that, for any k € {1,2,--- n},

sup [fen(@) < sup (g (@) =g (@) +  sup [fi(@)]

xe[wozx7n(n+1)] xe[x()vwm(n-'rl)] l‘e[zo,l‘m(n+1)}

< (Cr(m,n)+1)  sup  |fu(2)].

Z‘E[Jf,’o, xm(n+l)}
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Hence,
n
oo Vol < ([[@mn+1) s 1)
x6[$07x7'L(7L+1)] k=1 Ie[£0,.1’,,n(n+1)}
< ¢ m,n +1 max i -
< (T xomm ) mas o
Therefore,
sup |¢<$)’ S sup |f0($)‘ -+ sup ‘fn+1 (m)‘
TE[T0, Trn(nt1)] TE[Z0, T (nt1)] TE[T0, Ty (nt1)]
< 1+ C m,n +]- max i
< ( g( k(m,n) ))16{0,1,~--,m(n+1)}y
=C max Yis
1€{0,1,---,m(n+1)}
where

C =1 +H (1 —l—max{xj(nH)Jrn _xj(n+l)+k—1 j: 0,17~..,m— 1}) .

el Lj(n+1)+k — Lj(n+1)+k-1

So we finish the proof. H

3.2.2 Depth power of networks to fit points

Next, let us discuss the depth power of ReLLU networks to fit points. Roughly
speaking, we would like to minimize the depth by fixing the width while constructing
ReL.U networks to fit a given number of points. In fact, we prove in Theorem 3.4 that
a function ¢ € NN (#input = 1; width < 8N + 6; depth < 5L + 7; #output = 1)
can fit N?L? points in R? with several conditions.

Theorem 3.4. For any N,L € N* and any 0; € {0,1} fori=0,1,---, N2L? — 1,
there exists a function ¢ implemented by a ReLU network with width 8N + 6 and
depth 5L + 7 such that

o(i) = 6, fori=0,1,---, N?L* — 1.
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We would like to remark that the key idea in the proof of Theorem 3.4 is the
“bit extraction” technique in [5], which allows us to store L bits in a binary number
bin0.6,05 - - - 81, and extract each bit §;. The extraction operator can be efficiently
carried out via a deep ReLLU network architecture, demonstrating the power of depth.

Next, we introduce Theorem 3.5, a variant of Theorem 3.4, which is easier to
prove and can deduce 3.4 simply. Theorem 3.4 and 3.5 characterize the depth power
of ReLLU networks. Both of them will be used in the later chapters.

Theorem 3.5. For any N,L € N*, any 6,,, € {0,1} form =0,1,---,M — 1 and
¢ =0,1,---,L — 1, where M = N2L, there exists a function ¢ implemented by a
ReL U network with width 4N + 3 and depth 3L + 3 such that

o(m, ) = 0, form=0,1,--- M—-1land?¢=0,1,---,L—1.

¢
=0
We denote M = N2L in Theorem 3.5 because it is roughly the number of pa-
rameters. The choice of outputting Zﬁ:o 0, ; rather than 6, , not only guarantees
the proof of Theorem 3.4 but also simplifies the construction of ReLLU networks to
approximate continuous functions in C([0, 1]¢) in Section 4.2.
Theorem 3.5 will be proven later in this section. Let us first prove Theorem 3.4

based on Theorem 3.5.

Proof of Theorem 3.4. The case L =1 is clear. We assume L > 2 below.
Denote M = N?L, then N?L? = ML. For each i € {0,1,---, N?L? — 1},
there exists a unique representation ¢ = mL 4+ ¢ for m = 0,1,---,M — 1 and ¢ =

0,1,---,L—1. Thus, we can define, form =0,1,--- M —1land £ =0,1,---,L —1,
Qe = 0;, wherei=mL+ (.

Then, for each m € {0,1,---,M — 1}, we set bpo = 0 and by, = apme—1 for
(=1, L—1.
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By Theorem 3.5, there exist ¢q, ¢ € NN (width < 4N + 3; depth < 3L + 3)
such that

¢
o1(m Zam] and  ¢o(m, {) :med,
7=0

form=0,1,--- M —1land {=0,1,---,L — 1.

We consider the sample set
{(mL,m):m=0,1,--- M}u{((m+1)L—1,m) :m=0,1,---,M —1}.

Its size is 2M + 1 = N - ((2NL — 1) + 1) 4+ 1. By Theorem 3.2 (set m = N and
n =2NL — 1 therein), there exists

Y € NN (widthvec = [2N,2(2N L — 1) + 1])
= NN (widthvec = [2N,4NL — 1])

such that
o y(ML) =M and ¢(mL) =¢((m+1)L—1) =mform=0,1,---,M — 1.
e 1 is linear on each interval [mL,(m + 1)L — 1] form =0,1,---, M — 1.

It follows that

Y(x)=m, ifzemL, (m+1)L-1], form=0,1,---,M —1,
implying

Yy(mL+0)=m form=0,1,--- M—Tand¢=0,1,---,L — 1.

Fori=0,1,---,N2L? — 1, by representing i = mL + ¢ for m = 0,1,---, M — 1
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and ¢ =0,1,---,L—1, we have ¢ (i) = ¢¥(mL +¥¢) = m and i — Ly (i) = ¢, deducing

2
4 4
= ¢1(m, 0) = Go(m, 0) = = > b
= = (3.4)
¢ ¢
= Zam]‘ —Zam,j_l —bo = Q¢ —‘91

Therefore, the desired function ¢ can be implemented by the network architecture

described in Figure 3.6.

./%9/. D\ ;[‘m )i~ Ly(i J\ —

0; = ¢
\.—> i — Lqp [¢2 Vi — Lo(i) ]/

Figure 3.6: An illustration of the network architecture implementing the desired
function ¢ based on Equation (3.4) for i =0,1,---, N2L? — 1.0

Note that
b1, 2 € NN (width < 4N + 3; depth < 3L + 3).

By Theorem 3.1,

Y € NN (widthvec = [2N,4NL — 1])

C NN (width < 4N +2; depth < 2L + 1).

Hence, the network architecture shown in Figure 3.6 is with width

max{4L +2+1,2(4L +3)} =8N +6

®In this figure, “¢”, “¢1”, and “¢” and cyan arrows (“—") adjacent to them represent the
ReLU networks implementing themselves. We use similar notations in the rest of this dissertation.

by

For example, “ @ " means the network architecture that implements a function ¢ : R? — R.
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and depth
(2L+1)4+2+ BL+3)+1=5L+7,

implying ¢ € NN (width < 8N + 6; depth < 5L + 7). So we finish the proof. [

It remains to prove Theorem 3.5, which relies on the “bit extraction” technique
introduced in [5]. We modify this technique to extract the sum of many bits rather

than one bit and this modification can be summarized in Lemma 3.6 below.

Lemma 3.6 (Bit extraction). For any L € Nt there exists a function ¢ in
NN (#input = 2; width < 7; depth < 2L + 1; #output = 1)

such that, for any 61,0,,---,0; € {0,1}, we have

V4
¢(bin0.616; -0y, ) = > 0;, for £=1,2,---,L.

j=1

Proof. Given any 6,0, ---,0; € {0,1}, define
§ =bin0.0;0;,,---0r, forj=1,2,--- L

and
1, z >0,
0, x <0.

T(x) = {

Then we have

0, =T —1/2), forj=12,--- L,

and

§j+1:2€j_0j7 forj=1,2,---,L—1.

We would like to point out that, by above two iteration equations, we can iteratively
get &1,01,8&,05,---,&L,0 when & = bin0.616, - - -0y, is given. Based on this idea,

the rest proof can be divided into three steps.
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Step 1: Simplify two iteration equations.

Note that T(z) = o(x/0 + 1) — o(x/d) for any © ¢ (—6,0). By setting § =
1/2 — ijz 279 =271 we have & — 1/2 ¢ (—6,0) for all j, implying

0, =T —1/2)=0((&—-1/2)/6+1) —a((& —1/2)/6)
=o(L(g) +1) —a(L(&)),

(3.5)

for j =1,2,---, L, where L is an affine linear map given by L(z) = (x — 1/2)/4. It
follows that, for j =1,2,--- L — 1,

i =28 —0; =26 — o (L(&) +1) + 0 (L)) (3.6)

Step 2: Design a ReLU network to output Z§:1 g,

It is easy to design a ReLU network to output 6q,6s,---, 60 by Equation (3.5)
and (3.6) when using & = bin0.610, - - - 0, as the input. However, it is highly non-
trivial to construct a ReLLU network to output 25:1 ; with another input ¢, since
many operations like multiplication and comparison are not allowed in designing
ReLU networks.

Now let us establish a formula to represent Z§:1 ¢; in a form of a ReL.U network.
Recall two facts: 1) x1xe = o(x1 + 29 — 1) for any xy, 29 € {0,1}; 2) T(n) =
o(n+1) —o(n) for any integer n. Thus, for £ =1,2,--- L, we have

y4 L L
>0;=>0T(—j)=> o(0;+T(—j) —1)
j=1 j=1 j=1

Y o0 +o(—j+1)—o(t—j5)—1).

J=1

To simplify the notations, we define

2y =0 +o(l—j+1)—o(l—j)—1), (3.7)
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for{ =1,2,---,Land j=1,2,---, L. Then,

9]' = FIRE for ¢ = 1, 2, T 7L. (38)
2.0%=2

Jj=1 Jj=1

With Equation (3.5), (3.6), (3.7), and (3.8) in hand, it is easy to construct
a function ¢ implemented by a ReLU network with the desired width and depth
outputting Zﬁ:l 0, = Zle zy; for the given input (&, ¢) = (bin0.616,-- -0, ¢) for
¢e{1,2,--- L} and 64,0,,---,0;, € {0,1}. The detailed construction is shown in

Figure 3.7. It is easy to verify by Figure 3.7 that
¢ € NN (#input = 2; width < 7; depth < 2L + 1; #output = 1).

So we finish the proof. O
With Lemma 3.6 in hand, we are ready to prove Theorem 3.5.

Proof of Theorem 3.5. Define
Ym — binO.Hm,oﬁmyl s 9m7L,1, for m = O, 1, RN M —1.

Consider the sample set {(m,y,) : m = 0,1,---, M}, whose size is M + 1 =
N((NL —1)+1) + 1. By Theorem 3.2 (set m = N and n = NL — 1 therein),

there exists

1 € NN (widthvec = 2N, 2(NL — 1) + 1))
= NN (widthvec = [2N,2NL — 1])

such that
o1 (m) =Y, form=0,1,--- M —1.

By Lemma 3.6, there exists

¢y € NN (#input = 2; width < 7; depth < 2L + 1; #output = 1)
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Input

1 2 3 4 )
’g(z:@) +1) ‘U(ﬁ(fg) +1)

)

o (£(&)

o(l1-10) o(1-10) o(2-10) a(2-10) o(3-10)

iy
st Z]szz,j/ S 2y [Zf;l Ze,J*{Zf:l %z.; =00 = ¢(§1,€)]

Eo(f —(L— 1))}*{0(/ - L)] o({—L)
[U((L -1)— [)]><£U(L - Z)]

Figure 3.7: An illustration of the target ReLLU network implementing ¢ to out-
put 37 20 =Y., 0; = ¢(&1, () for the given input (&,¢) = (bin0.616; -0, 0)
for ¢ € {1,2,---,L} and 61,0,,---,0; € {0,1}. The construction is mainly based
on Equation (3.5), (3.6), (3.7), and (3.8). The red numbers above the architec-

ture indicate the order of hidden layers and every two adjacent layers builds a

whole iteration step. We output both o(¢ — j) and o(j — ¢) in a hidden layer
because we can get the value ¢ — j in the next hidden layer because of the fact
x = o(x) —o(—z) for any x € R. We omit ReLU (o) for a neuron if its output
is non-negative without ReLLU. Note that all parameters of this network are de-
termined by Equation (3.5), (3.6), (3.7), and (3.8), which are valid no matter what
01,0, --,0; € {0,1} are. Thus, the desired function ¢ implemented by this network
is independent of 6, 60,,---,60; € {0,1}.
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such that, for any &,&,---,&; € {0,1}, we have
¢
Go(bin0.6& &, 0) =Y &, for£=1,2,--- L.
j=1
It follows that, for any &g, &1, -+, &—1 € {0, 1}, we have
¢
G2(bin0.6o81 -+ Ep1, (1) = Y &, for €=0,1,--- L~ 1,
=0
Thus, form=0,1,---, M —1and £ =0,1,---, L — 1, we have

P2 (¢1(m),€ + 1) = G2 (Ym, L+ 1) = $2(0.0,00m1 - - Oy—1, L+ 1) =

0
O j-
J=0

O (1)

¢2 [qﬁg (d)l(m), {+ 1) = Zﬁ:o Om,j = d(m, /)]
@ )

Figure 3.8: An illustration of the network architecture implementing the desired
function ¢ based on ¢; and ¢y for m =0,1,---, M —1and £ =0,1,---,L — 1.

Hence, the desired function ¢ can be implemented by the network shown in
Figure 3.8. By Theorem 3.1, ¢; € NN (widthvec = [2N,2NL — 1]) € NN (width <
AN + 2; depth < L +1). Recall that ¢ € NN (width < 7; depth < 2L + 1).
Therefore, the network in Figure 3.8 is with width max{(4N +2) 4+ 1,7} =4N +3
and depth (L +1) + 1+ (2L + 1) = 3L + 3. So we finish the proof. O

3.3 Approximation in the trifling region

As mentioned earlier in Section 2.3, we need to modify a ReLU network to let it
approximate the target function f uniformly well on the whole region [0, 1]%, if this
ReLU network approximates f well outside the trifling region ([0, 1]¢, K, §) defined
in Equation (2.1).
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Theorem 3.7. Given any e > 0, N,L,K € N*, and § € (0 assume f is a

e
Y 3K 1’
continuous function in C([0,1]¢) and ¢ is a function implemented by a ReL U network

with width N and depth L. If
B(@) — f(@) <, for any z € [0,11AQ(0, 1, K, ),

then there erists a mew ReLU network with width 3*(N + 4) and depth L + 2d

implementing a new function ¢ such that
|p(x) — f(x)| <e+d-ws(d), forany z € [0,1]%

Intuitively speaking, Theorem 3.7 shows that: If a function 5, implemented by
a ReLU network, approximates f well except for the trifling region, then we can
modify 5 to get ¢, implemented by a new ReLLU network with similar width and
depth to the old one, to approximate f uniformly well on the whole domain. For
example, if 5 approximates a one-dimensional continuous function f well except
for an interval in R with a small length §, then mid(g(x —8),0(x), p(z + §)) can
approximate f well on the whole domain, where mid(-,-,-) is a function returning

the middle value of three inputs and can be implemented via a ReLU network as

shown in Lemma 3.8.

Lemma 3.8. The middle value function mid(xy,xq,x3) can be implemented by a

ReL U network with width 14 and depth 2.

Proof. Recall the fact

r=o(r)—o(—z) and |z|=o0(x)+o(—2z), foranyzeR. (3.9)
Therefore,
Tyl -y
max(x,y) =
2 (3.10)

=io(x+y) —30(—x—y) + 30(x —y) + 30(—z +y),



50 Chapter 3. Basic results of ReLU networks

for any z,y € R. Thus, max(xy, 22, x3) can be implemented by the network shown

in Figure 3.9.

o(z1 + x2)

o(x1 — x2)

U

$ a(max(m,acz) + x3)

o( — max(zy, ) — '[‘3)

—
(max ( max(z1, z2), .’133) = max(xy, T, Ig))
——

o(max(z1,22) — x3)

o( —max(x1,z2) + x3)

Figure 3.9: An illustration of the network architecture implementing max(z1, z2, 3)
based on Equation (3.9) and (3.10).

Clearly,

max(zy, z2, 23) € NN (#input = 3; widthvec = [6,4]).

Similarly, we have

min(zq, 9, 3) € NN (#input = 3; widthvec = [6,4]).

It is easy to check that

mid(ﬂ?l, T2, xg)
=21 + x5 + x3 — max(xy, To, x3) — min(zy, T, T3)

=o(x1 +z9 + x3) — 0(—21 — T3 — x3) — max(xy, To, x3) — min(xy, 9, T3).

Hence,

mid(z1, 22, 23) € NN (#input = 3; widthvec = [14,10]).

That means mid(z, x2,z3) can be implemented by a ReLU network with width 14
and depth 2. So we finish the proof. m
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The next lemma shows a simple but useful property of the mid(xy, 23, z3) func-

tion that helps to exclude poor approximation in the trifling region.

Lemma 3.9. For any ¢ > 0, if at least two of {x1, 2,23} are in B(y,e), then

mid(xy, x2,x3) € By, €).

Proof. Without loss of generality, we may assume x1,z5 € B(y,¢) and z; < xo.

Then the proof can be divided into three cases.
o If z3 < xy1, then mid(zq,x9,23) = 21 € B(y, ).

o If 11 < 3 < o, then mid(z1, z2, 23) = 23 € B(y, ¢) since

y—e<xr Sw3< a2 <y+te.

o If x5y < x3, then mid(zy,x9, z3) = x5 € B(y, ).
So we finish the proof. O

Next, given a function g approximating f well on [0,1] except for the trifling
region, Lemma 3.10 below shows how to use the mid(xy, 2, 3) function to construct
a new function ¢ uniformly approximating f well on [0, 1], leveraging the useful

property of mid(zy, z9, x3) in Lemma 3.9.

Lemma 3.10. Given anye >0, K € N, andd € (0 assume [ is a continuous

73LK]7

function in C([0,1]) and g : R — R is a general function satisfying
l9(x) = f(2)| < e, ie, f(z) € B(g(x),e), (3.11)
for any z € [0, 1\([0,1], K, ). Then
|6(x) = f(z)] < e+ wp(d), forany z € 0,1],

where

o(z) = mid(g(x —0),9(x),g(x + 5)), for any z € R.
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Proof. Divide [0,1] into K small intervals denoted by Q) = [%,k—j{l] for k =
0,1,---, K — 1. For each k, we further partition (), into four small closed inter-

vals as shown in Figure 3.10. To be exact,

Qr = Qra1 UQr2U Qi3 U Qra,

where Qk,l = [%7 % + 5]7 Qk’,? = [% + 67 % - 26]a Qk,?) = [% - 257% - 5]7 and

QkA = [k_[—;l - 57 %]

5 1/K — 36 5 5

== %
==
+ *
>
[
| %
Is?]
T
]
(=9
=7

Qk,1 Q2 Qi3 Qra

Figure 3.10: An illustration of Qy; for : = 1,2, 3, 4.

Recall that Q([0, 1], K, §) is the trifling region defined in Equation (2.1). Clearly,
Qr-14 C [0, 1\Q([0,1], K,0) and Qx; C [0,1]\2([0, 1], K,9) for k =0,1,--- | K —1
and i =1,2,3.

To estimate the difference between ¢(x) and f(x), we consider the following four

cases of z in [0, 1] for any k € {0,1,---, K — 1}.
Case 1: z € Q1.

If £ € Qpy, then z € [0, 1\Q([0, 1], K, §) and
740 € QraUQrs C [0,1\Q([0,1], K, 6).
It follows from Equation (3.11) that
g(x) € B(f(x),¢) € B(f(x),e+ws(9))

and

g(z+6) € B(f(z+0),e) € B(f(x),+ws(d)).
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By Lemma 3.9, we get
mid(g(x —9),9(x),g9(x+ 5)) € B(f(x),s + wf(d)).

Case 2: x € Q2.

If 2 € Qra, then z — §,z,2 + 9 € [0,1\Q([0,1], K,6). It follows from Equa-
tion (3.11) that

g(z —0) € B(f(x —d),¢) € B(f(),e +wy(9)),

g(x) € B(f(x),e) € B(f(). & +wys(9)),

and

g(z +6) € B(f(z+0),e) C B(f(z),e+ws(d)).

Then, by Lemma 3.9, we have
mid(g(z — 6), g(z), g(z + 8)) € B(f(z),e + ws(9)).

Case 3: x € Q3.

If & € Qus, then z € [0, \Q([0, 1], K, §) and
T =6 € Qi UQra C [0,1\0([0,1], K, 5).
It follows from Equation (3.11) that
g(z) € B(f(x),e) € B(f(x),e +ws(9))

and

gz —6) € B(f(x = 8).2) C B(f(x),= +wy(3)).
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By Lemma 3.9, we get
mid(g(x —9),9(x),g9(x+ 5)) € B(f(x),s + wf(d)).

Case 4: x € Qpa.

If x € Qp4, we can divide this case into two sub-cases.

o If ke {0,1,---, K —2}, thenz — 0 € Qs € [0,1\2([0,1], K,d) and x + ¢ €
Qr+11 C [0, 1\Q([0,1], K, §). Tt follows from Equation (3.11) that

9z —8) € B(f(x —8).) C B(f(x).= +wy(9)

and

g(z +96) € B(f(z+0),e) C B(f(z),e+ws(d)).

By Lemma 3.9, we get
mid(g(z — 6), g(z), g(z + 8)) € B(f(z), e+ ws(9)).

o If k =K —1, then v € Qpa = Qr_14 C [0,1]\Q2([0,1], K,0) and z — § €
Qrs C [0,1\Q([0,1], K, ). It follows from Equation (3.11) that

g(z) € B(f(x),e) CB(f(z),e+ ws(9))

and

gz —6) € B(f(x = 6),¢) C B(f(2), = +wy(0).

By Lemma 3.9, we get

mid(g(z — 6), g(z), g(z + 8)) € B(f(z), e+ ws(9)).
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Since [0, 1] = UL ( U, Q,“) we have
mid(g(z — 6), g(x), g(x + 0)) € B(f(x),& + ws(4)), for any z € [0,1].
Recall that ¢(z) = mid(g(z — §), g(z), g(z + 0)). Then we have
|9(x) = f(z)| < e+wp(d), forany x € [0,1].

So we finish the proof. O]

The next lemma below is an analog of Lemma 3.10 for the multidimensional

case.

Lemma 3.11. Given anye >0, K € N, and 6 € (0, %], assume f is a continuous

function in C([0,1]?) and g : R? — R is a general function satisfying
9(z) — f(z)| <& ie., fz) € B(g(x),e), (3.12)
for any x € [0, 1]\Q([0,1]%, K, §). Then
|6(x) = f(2)] <e+d-w(6), forany x € [0,1)%,
where ¢ == ¢4 1s defined by induction through
Giy1(x) = mid(¢;(z—de;1), ¢s(x), ¢i(x+deq)), fori=0,1,---,d—1, (3.13)

where ¢q is equal to g and {e;}1_, is the standard basis in RY.

Proof. For ¢ =0,1,---,d, we define

. _ . [0,1], if i<,
Ey = {a: = (21,72, ,24) 1 7; € { [0,1\Q([0,1],K,6), if i>£ }
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Clearly, Ey = [0,1]%\Q([0,1]¢, K,0) and E; = [0,1]¢. See Figure 3.11 for the illus-
trations of Ky for / =0,1,---,d when K =4 and d = 2.

e Eyfor =1 e Efor (=2

1.00 1.00 1.00

0.75 0.75 0.75

0.50 0.50 0.50

0.25 0.25

0.00 0.00

0.00 025 050 075  1.00 0.00 025 050 075  1.00 0.00 025 050 075 100

Figure 3.11: Illustrations of E, for £ = 0,1,2 when K =4 and d = 2.

We would like to construct a sequence of functions ¢g, ¢1, -, ¢4 by induction,

based on the iteration equation (3.13), such that, for each ¢ € {0,1,---,d},
do(x) € B(f(x),e + - wp(d)), forany x € E. (3.14)

Let us first consider the case £ = 0. Note that [0, 1]2\Q([0, 1]¢, K, §) = Ey. Then,

by Equation (3.12), we have
do(x) = g(x) € B(f(a:),e), for any « € Ej.

That is, Equation (3.14) is true for ¢ = 0.
Now assume Equation (3.14) is true for ¢ =i € {0,1,---,d — 1}. We will prove
that it also holds for £ =i 4+ 1. By the induction hypothesis, we have

gbi(l'la e axi7t7xi+2a T 7:Ed) S B(f(xla e axivtaxi—l—% T ,l'd),{‘: +i- Wf(5)), (315)

for any I, -+, T; € [07 1] and taxi+2> T, X € [07 1]\9([07 1]7 K7 5)
Fix xq1, -+, 2; € [0,1] and x;19, -+, 24 € [0, 1]\Q([0, 1], K, J), and denote

i . d—1
513[].—(.171,"‘,.'131', xi+27"'7xd)€R .
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Then define

1/12[1‘] (t) = ¢i(x17 sy Tg, ta Lit2y° 7xd)7 for any t e Ra

and

fod(0) = f(x1, -, 24, t, Tizo, - -, xq), foranyteR.

It follows from Equation (3.15) that
Vit (t) € B(foi(t),e +i-wyp(8)), for any t € [0,1]\([0,1], K, 6).
Then by Lemma 3.10 (set g = ¥, and f = f, therein), we get, for any t € [0, 1],

mid (%m (t—8), (1), by (t + 5)) c B( Fata (), &+~ wp(8) +wy (5))

C B(fuia(t), &+ (i + Doy (9)).

That is, for any x;1, =t € [0, 1],

mld(¢l($17 ey Ty Tigl — 57 Liy2, " 7:L'd)7 ¢i($17 T 7$d)7 ¢i(w17 ey Xy T + 67 LTig2," 7‘/L'd))
S B(f(a;l, ceemg) e+ (1 F 1)wf(<5)).
Note that zy,---,2; € [0,1] and x40, --,24 € [0,1]\Q([0, 1], K, ) are arbitrary.

Thus, for any « € F; 1,

mid (¢;(x — de;11), ¢i(x), ¢s(x + deinr)) € B(f(x),e + (i + Dwy(9)),

implying
$ir1(z) € B(f(®), e + (i + 1)ws(d)), for any = € Eyy;.

So Equation (3.14) holds for ¢ =i 4 1, which means we finish the process of math-

ematical induction.
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By the principle of induction, we have
o(x) = ¢a(x) € B(f(z), e +d-ws(d)), foranyze E,=][0,1]"
Therefore,
6(@) — [(@) < e+d-wy(8), for any @ € [0,1]%,
which means we finish the proof. m

Now we are ready to prove Theorem 3.7.

Proof of Theorem 3.7. Set ¢y = ¢ and define ¢; for i € {1,2,---,d} by induction
through

Giv1(x) = mid(¢i(z — dei), ¢i(x), di(x + deirn)), fori=0,1,---,d—1,

where {e;}%_, is the standard basis in R?. Then by Lemma 3.11 with ¢ = ¢4, we
have

|p(x) — f(x)] <e+d-wp(d), forany x € [0, 1]%.

It remains to determine the network architecture implementing ¢ = ¢4.

Define a vector-valued function @, : R — R3 as
P(x) = (9250(93 —de1), go(x), ol + 561))7 for any & € R?.

Note that ¢ = ¢ € NN (width < N; depth < L). Hence, ¢o(- — dey),
¢o(+), and ¢o(- + dey) can be generated by three networks with the same num-
ber of hidden layers, and these three networks are all with width N and depth L.
Therefore, by putting these three networks in parallel (share the inputs), we have
®, € NN (#input = d; width < 3N; depth < L; #output = 3).

Recall that mid(-,-,-) € NN (width < 14; depth < 2) by Lemma 3.8. Therefore,
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by Lemma 2.1 (ii),
¢1 =min(-,-,-) o Py € /\/N(Width < max{3N, 14} < 3(N +4); depth < L + 2)
Similarly, by the iterative formula

Git1(x) = mid(ﬁbz‘(iﬂ —dei1), ¢i(x), gi( + 5€i+1))a fori=0,1,---,d -1,

it is easy to verify

b= g€ NN(width < 34N +4); depth < L+ 2d).

So we finish the proof. O

3.4 Approximation of step functions

As mentioned earlier in Section 2.3, we need to construct a ReLLU sub-network
to project a cube to a point. We only need to approximate one-dimensional step

functions, because in the multidimensional case we can simply set

d(x) = (¢(I1), o(xz2), - ,gzﬁ(xd)), for any @ = (21,29, -+, 24) € RY,

where ¢ is a one-dimensional step function. The theorem below, Theorem 3.12,
shows that ReL.U networks with width O(N'/?) and depth O(L) can implement one-
dimensional step functions with O(K) = O(N?/?L?/?) “steps” outside the trifling

region for any d € N*. See Figure 3.12 for an example.

Theorem 3.12. For any N,L,d € N* and § € (0, 55| with K = |[N'?|2|L2/4],

there exists a one-dimensional function ¢ implemented by a ReLU network with
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_— 0

trifling region

=N W

0 1/4 2/4 3/4 1

Figure 3.12: An example of a step function for the case K =4 and d = 1. We do
not need to care about the values of ¢ in the trifling region while constructing a

ReLU network to implement ¢.

width 4| NY?| 4+ 3 and depth 4L + 5 such that

op(x) =k, ifze [%7’%1_5,1{KK_2}]’ for k=0,1,---, K — 1.

The setting K = |NV4|2| L4 = O(N??L?/?) is not neat here, but it is very
convenient for later use. Now, let us present the detailed proof of Theorem 3.12.

Proof of Theorem 3.12. We divide the proof into two cases: d =1 and d > 2.

Case 1l: d=1.

In this case, K = |[N'Y/?|2|[?/?| = N2L2. Denote M = N?L and consider the

sample set

{(,M-1),2,00}u{(Z,m):m=01,---,M—1}
u{(zt —6m):m=0,1,---, M —2}.

Its size is 2M + 1 = N - ((2NL — 1) + 1) 4+ 1. By Theorem 3.2 (set m = N and
n = 2N L — 1 therein), there exists

¢1 € NN (widthvec = [2N,2(2NL — 1) + 1])
= NN (widthvec = 2N, 4N L — 1])

such that

o ¢ (M) =¢(1) = M—1and ¢1(2) = ¢ (2L —6) =mform=0,1,---, M-
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2.
e ¢ is linear on [#=1 1] and each interval [2, 2L —§] for m = 0,1,---, M —2
Then, for m =0,1,---, M — 1, we have
¢1(z) =m, forany z € [%, B — 5. 14, o). (3.16)

Now consider the another sample set

{(&,L—1),(2,00} U{(55.0) ;520,1,...@_1}

U{(&L —6,0):¢=0,1,---,L —2}.

Its size is 2L+1=1- ((2L—1)+1) + 1. By Theorem 3.2 (set m =1 and n = 2L —1

therein), there exists

P2 € NN (widthvec = [2,2(2L — 1) + 1])
= NN (widthvec = [2,4L — 1])

such that

o do(2l) =¢s(3) = L—1and ¢o(57) = ¢o(H —6) =L for £ = 0,1, -+, L—2.

ML

L-1

e ¢, is linear on [2, L] and each interval [, & — 6] for £ =0,1,---, L — 2.

ML’ ML

~

It follows that, for m =0,1,---, M —1land ¢=0,1,---,L — 1

Y

¢2(x — §7) = ¢, forany z € [%, %ﬁ“ — 0 Lp<r—2y). (3.17)

K = ML implies any k € {0,1,---, K — 1} can be unique represented by k =

mL+ /(¢ form=20,1,--- M —1and £ =0,1,---, L — 1. Then the desired function

¢ can be implemented by a ReLLU network shown in Figure 3.13.
Clearly,

p(x) =k, ifrel[L £ —§ 1k o), foranyke{0,1,---, K —1}.
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. ¢1(~T)m\ \
@ EE

Figure 3.13: An illustration of the network architecture implementing ¢ based on

Equation (3.16) and (3.17) for € [£,£ — § - Lypcg_oy] = [BEtL mELEL 5.

Lim<m—2 or e<r—23), where k = mL+{form =0,1,--- ,M—1land ¢ =0,1,---,L—1.

[mL +l=k= d)(z))

By Theorem 3.1, we have
¢1 € NN (widthvec = [2N,4NL — 1]) C NN (width < 4N + 2; depth < 2L + 1)
and
¢ € NN (widthvec = [2,4L — 1]) € NN (width < 6; depth < 2L + 1),
implying by Figure 3.13 that ¢ can be implemented by a ReLLU network with width
max{4N +2+1,6+1} =4N +3

and depth
2L+1)+24+(2L+1)+1=4L+5.

So we finish the proof for the case d = 1.

Case 2: d > 2.

Now we consider the case when d > 2. Consider the sample set

{(1,LK—1),(2,0} U{(%,k :k:O,l,m,K—l}

U{(B —6,k): k=0,1,---, K — 2}.

Its size is

2K + 1= [NV (2 NV L) — 1) + 1) + 1.



3.4 Approximation of step functions 63

By Theorem 3.2 (set m = | NY/¢| and n = 2| N*/¢|| L?/?] — 1 therein), there exists

b e NN

= NN(WidthVGC = [2|NYV4), 4[NV L) — H)

widthvee = [2| NV/4|, 2(2| V4| | L) — 1) + 1])

VRS

such that

o p(E)=0(1) =K —1,and ¢(£) = ¢(EL —§) =k for k=0,1,---, K — 2.

=

ML §) for k=0,1,---, K — 2.

e ¢ is linear on [£-1 1] and each interval [£, £t
Then, for k =0,1,---, K — 1, we have

¢(x) =k, foranyz € [%, % — 0 lgp<k—2]

By Theorem 3.1,

¢ € NN (widthvec = [2| NY?|, 4| NYV4||L¥?] —1])
C NN (width < 4| NY?| +2; depth < 2| L¥?] +1)
C NN (width < 4| NY¢] 4 3; depth < 4L +5).

Thus, we finish the proof for the case d > 2. O
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Chapter I

Approximation by ReLLU networks

4.1 Approximation of polynomials

In this section, we show how to construct a ReLU network to approximate a

multidimensional polynomial P(x).

4.1.1 Main theorem

For simplicity, we may assume a polynomial P(x) has only one term with coeffi-
cient one, namely, P(x) = % = {252 - - - 25 for some o = (ay, g, -+, ag) € NY.
As shown in the following theorem, Theorem 4.1, ReLU networks can uniformly

approximate polynomials on [0, 1] with exponential errors.

Theorem 4.1. Given any k € NT and a = (ay,--+,a4) € N¢, assume P(x) =
x® = o{'xy? - xy? with |ally < k. For any N, L € N*, there exists a function ¢
implemented by a ReLU network with width 9(N + 1) +k — 1 and depth Tk*L such
that

|p(x) — P(x)| < 9k(N + 1)~ for any = € [0, 1]

The choice of depth 7k?L is not neat here, but it is convenient for later use.
Theorem 4.1 shows that ReLU networks with width O(N) and depth O(L) are able

to approximate polynomials on [0, 1]¢ within an error O(N~L). This reveals the

65
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power of depth in ReLLU networks for approximating polynomials, from function
compositions. Theorem 4.1 can be generalized to the case of polynomials defined on
an arbitrary hypercube [a,b]? by scaling. To prove Theorem 4.1, we will construct

ReLU networks to approximate polynomials following the four steps below.

o f(x) = 2% We approximate f(z) = x* by the combinations and compositions

of “sawtooth” functions as shown in Figure 4.1 and 4.2.

e f(x,y) = zy. To approximate f(z,y) = xy, we use the result of the previous

step and the fact zy = 2((9”2ﬂ)2 — (%)2 — (%)2)

o f(x1,x9, -+, xk) = x1X9 - - - . We approximate f(xy,zg, -, &) = x122 - T,

via mathematical induction based on the result of the previous step.

a1 (2

e A general polynomial P(x) = x® = z"25? - - - 23 with ||a|; < k € NT. P(x)
can be written as P(x) = z129--- 2, where z = (z1,29,-+,2;) IS a vector
with each of its entries equal to 1 or an entry of . Then use the result of the

previous step.

4.1.2 Approximation of 22

Let us show how to approximate f(x) = x? by linear combinations of “sawtooth”
functions, which can be easily implemented by ReLLU networks. The idea of using
“sawtooth” functions (see Figure 4.1) was first raised in [58] for approximating
2? using networks with depth O(L) and a constant width, and achieving an error
O(271). Our construction is different to and more general than that in [58], working
for ReLU networks of width 3N and depth L for any N, L € N, and achieving an

error N~L as shown in Lemma 4.2.

Lemma 4.2. For any N, L € N, there exists a function ¢ implemented by a ReLU
network with width 3N and depth L such that

0 < o¢(z) — 2 < N_L, for any = € [0, 1].
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Proof. Define a set of “sawtooth” functions 7; : [0, 1] — [0, 1] by induction as follows.

Let
2, if 2 €10, 3],

2(1 —2),ifz € (3,1]

Ty(z) = {

and

T,=T, 10Ty, fori=23,4,---.

It is easy to check that T} has 27! “sawteeth” and
Toin =Ty oT,, forany m,n € NT.

See Figure 4.1 for illustrations of T; for i = 1,2, 3, 4.

TACTTA A TR e

0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00

Figure 4.1: Examples of “sawtooth” functions Ty, 15, T3, and T}.
Define piecewise linear functions fs : [0,1] — [0,1] for s € N7 satisfying the
following two requirements (see Figure 4.2 for several examples of fj).
o fi(x)=a*foranyz € {L:j=0,1,2,---,2°}.
e fi(x) is linear between any two adjacent points of {29—5 :7=0,1,2,---,2%}.

Recall the fact

2 _ 2
0<ta?+(1—1t)as— (tml + (1 - t)@) < w, for any t,z1, 24 € [0, 1].
Thus, we have
9—s 2
0< fo(z) —2* < ™) _ 272+ for any x € [0,1] and s € N*. (4.1)

- 4
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0.1€

1.0 ) 1.0{ 2 L o 2
p— — — —
— filx) — falx) — fs(2) o T f@)

0.8 0.8 0.8 008

0.6 0.6 0.6 0.06

0.4 0.4 / 0.4 0.04

2 2 2
0.2 / 0.2 / 0.2 // 00
0.0 00| =" 0.0 —

0.0(
0 1/2 1 0 1/4 2/4 3/4 1 0 1/8 2/8 3/8 4/8 58 68 7/8 1 (

) 1/8 2/8

Figure 4.2: Illustrations of f;, fy, and f3 for approximating 2.

Note that fi_i(x) = f;i(x) = 2* for each z € {555 : j = 0,1,2,---,2""'} and the

graph of f;_1 — f; is a symmetric “sawtooth” between any two adjacent points of

{# 17 =0,1,2,---,271}. See Figure 4.3 for illustrations.

o — — ik o — — e h

08 — / 2 0.8 —" / o

0.6 0.6 /

0.4 / 0.4 //

0.2 / 0.2 //
=

( 0] ="

) 1/4 2/4 3/4 ) /4 2/4 3/4 ) 18 28 38 4/8 58 68 T8 0 18 2/8 3/8 4/8 58 6/8 78

Figure 4.3: Hlustrations of f; — fo and fo — f3.

Thus, it is easy to verify

Ti(x)

fiea(z) = filz) = o2

for any x € [0,1] and i = 2,3,4, - --.

Therefore, for any x € [0, 1] and s € N, we have

fol@) = fi@) + > (fi = fim)) =2 — (& = fi(2)) —
i=2 =2 i=1
Given any N € N7, there exists a unique k& € N* such that

(k—12' 41 < N < k2k.

For this k, we can construct a ReLLU network as shown in Figure 4.4 to implement
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a function ¢ = f; approximating 22 well. Note that 7T; has 2i=! “sawteeth” and
hence has 2¢ + 1 breakpoints including the endpoints for any ¢ € N*. Then, by
Lemma 3.3, T; can be implemented by a one-hidden-layer ReLLU network with width
2'. Therefore, the network in Figure 4.4 has width k2* + 1 < 3N © and depth 2L.

O +

( k ; o <¢+l)k (L-1)k

_ Ti(x L T@| | T( ) _ T( )

U E 5 x Bl e F E x E
1 i

Input 1 2 3 4 2(4+1)  2(+D+1  2(+2) 2L Output

/m

(

-

Figure 4.4: An illustration of the target network architecture for approximating z?

on € [0,1]. T; can be implemented by a one-hidden-layer ReLU network with
width 2¢ for ¢ = 1,2,---, k. The red numbers below the architecture indicate the
order of hidden layers.

As shown in Figure 4.4, all neurons in (2¢)-th hidden layer of the network have
the identify function as their activation functions for ¢ = 1,2,..., L. Thus, the
network in Figure 4.4 can be interpreted as a ReLLU network with width 3N and
depth L. In fact, if all activation functions in a certain hidden layer are identity
maps, the depth can be reduced by one via combining adjacent two affine linear
transforms into one, the idea of which is similar to that of Lemma 2.1. For example,
suppose W; € RV>*M b ¢ RN W, ¢ RV*N p, € RN o is an identity map
that can be applied to vectors or matrices elementwisely, and L£; is an affine linear

map given by L;(x) = W;-x + b; for i = 1,2. Then, we have
EQ ¢} QOEI(QZ) = WQQ(Wl -+ b1> + b2 = W3 A bg, for any ¢ RNl,

where Wi =W, -W; € RN?’XNI, b3 =W, -b+b, € RNs,

@This inequality is clear for k = 1,2,3,4. In the case k > 5, we have k2F + 1 < %N <

7(,5’?1)12)5: N <2iLN <3N,
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It remains to estimate the approximation error of ¢(z) &~ z. By Equation (4.1),

for any x € [0, 1], we have
where the last inequality comes from N < k2% < 22 So we finish the proof. O

4.1.3 Approximation of zizs--- 1}

We have constructed a ReLU network to approximate f(z) = z?. By the fact

zy = 2((52)? — (£)* — (¥)?), it is easy to construct a new ReLU network to ap-

proximate f(z,y) = xy as follows.

Lemma 4.3. For any N, L € NT, there exists a function ¢ implemented by a ReLU
network with width 9N and depth L such that

|¢(x,y) —xy] < 6N, for any z,y € [0,1].

Proof. By Lemma 4.2, there exists a function ¢ implemented by a ReLU network
with width 3N and depth L such that

() —2®| < N~F, forany x € [0,1].
Recall the fact

oy = 2((52)° —

N8
N—
N
—
N
SN—
N
SN—

for any =,y € R.
The target function ¢ is defined as
d(x,y) =2(V(3*) —¥(3) — (%)), forany z,y € R. (4.2)

Then ¢ can be implemented by the network architecture in Figure 4.5.
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€z £
v aly
Tty ols ar+y
o -

Figure 4.5: An illustration of the network architecture implementing ¢ for approxi-

mating zy on [0, 1]°.

It follows from ¢ € NN (width < 3N; depth < L) that the network in Fig-
ure 4.5 is with width 9N and depth L 4 2. Similar to the discussion in the proof of
Lemma 4.2, the network in Figure 4.5 can be interpreted as a ReLU network with
width 9N and depth L, since two of hidden layers have the identify map as their

activation functions. Moreover, for any z,y € [0, 1],

|0(2,y) — 2yl = |2(u( “y) <;—6)—w<£>)—2(<%> - (5= ()]
< 2JU(541) — (50P] 4 2(3) - (5] +2u(h) - (97 < ov

Therefore, we have finished the proof. O

We would like to remark that we can also use Lemma 2.1 to verify the function
¢ defined in Equation (4.2) can be implemented by a ReLU network with width 9N
and depth L, since ¢» € NN (width < 3N; depth < L).

Now let us show how to construct a ReLU network to approximate f(x,y) = zy

on [a, b]? with arbitrary a < b, i.e., a rescaled version of Lemma 4.3.

Lemma 4.4. For any N, L € N* and a,b € R with a < b, there exists a function ¢
implemented by a ReLU network with width 9N 4+ 1 and depth L such that

6(2,y) — 2yl < 6(b— a)’N", for any 2,y € [a, ).

Proof. By Lemma 4.3, there exists a function ¢ implemented by a ReLLU network
with width 9N and depth L such that

(7, §) — 7] < 6N7E, for any 7,7 € [0, 1.
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i
S

Given any z,y € [a,b], by setting 2 = =2 and y = 4= , we have 7,y € [0,1],

implying
W(m—a u) _ T= ?;T| < 6N~ L, for any x,y € [a,b].

b—a’ b—a b—

It follows that, for any z,y € [a, b],
(b — a)* (=2, =2) +a(z +y) —a® —zy| < 6(b—a)’NF. (4.3)
Define, for any x,y € R,
o(x,y) = (b— a)Qw(ﬁ, ) +a-o(x+y+2lal) — a® — 2alal.

Then ¢ can be implemented by the network architecture in Figure 4.6.

d(z,y)

Figure 4.6: An illustration of the network architecture implementing ¢ for approxi-
mating zy on [a, b]*>. Two of hidden layers has the identify function as their activation
functions, since the red “c” comes from the red arrow “—”, where the red arrow
“—” represents a ReLLU network with width 1 and depth L > 1.

If follows from ¢ € NN (width < 9N; depth < L) that the network in Figure 4.6
is with width 9N 4 1 and depth L + 2. Similar to the discussion in the proof of
Lemma 4.2, the network in Figure 4.6 can be interpreted as a ReLU network with
width 9NV + 1 and depth L, since two of hidden layers have the identify function as
their activation functions.

Note that x + y + 2|a| > 0 for any z,y € [a, b], implying

Blr.y) = (b— a)0(E2,522) + alx +y) —a?, for any =,y € [a, 1]
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Hence, by Equation (4.3), we have
¢(,y) —xy| <6(b—a)’N~F, for any z,y € [a,b].

So we finish the proof. O

The next lemma constructs a ReLU network to approximate a multivariable

function f(xy, 2o, -+, xx) = 122 - - 2 on [0, 1]F.

Lemma 4.5. For any N,L,k € Nt with k > 2, there exists a function ¢ imple-
mented by a ReLU network with width 9(N + 1) +k — 1 and depth TkL(k — 1) such
that

(o(x) — 1@y - ap| <9k = 1)(N + 1),

fOT any & = («7;171'2, T ,l’k) € [07 ]-]k
Proof. By Lemma 4.4, there exists a function ¢; implemented by a ReLLU network
with width 9(V + 1) + 1 and depth 7kL such that

|1 (2, y) — zy| < 6(1.2)%(N + 1) <9(N + 1)~ for any z,y € [-0.1,1.1]. (4.4)

This equation means the case k = 2 is clear. We may assume k > 3 below. We
would like to construct a sequence of functions ¢; : [0,1]"? — [0,1] for any i €

{1,2,---,k — 1} by induction such that
(i) ¢; € NN (width < 9(N + 1) + ¢; depth < 7TkLi) for any i € {1,2,---,k — 1}.

(ii) For any i€ {1,2,---,k — 1} and @y, 29, -+, x;41 € [0, 1], it holds that

|¢i(331, To, -+ ,iL'H_l) — T1To - xi—i—l‘ S QZ(N + 1)_7kL. (45)

First, let us consider the case ¢ = 1. It is obvious that the two required conditions
are true: 1) (N +1)+i =9(N + 1)+ 1 and 7TkLi = 7TkL in the case i = 1; 2)
Equation (4.4) implies Equation (4.5) for ¢ = 1.
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Now assume ¢; has been defined for some i € {1,2,--- k — 2}, we define
¢i+1(961, T, ,9131‘+2) = ¢ (¢i(9€1, To,y - ,l’iﬂ), U(%‘H)), (4-6)
for any x1, 2o, -+, ;10 € R. By the induction hypothesis, we have
¢; € NN (width < 9(N + 1) +4; depth < 7kLi)

and

|Gi(w1, Ty, Tig1) — T1Tg - Tipa| < Qi(N + 1) (4.7)

for any x1, 29, -+, 21 € [0,1]. Clearly, ¢, € NN (width < 9(N + 1) + 1; depth <
7kL). Then ¢;,1, defined in Equation (4.6), can be implemented via a ReL.U network
with width

max{9(N + 1) + i+ 1,9(N + 1) + 1} = (N + 1) + (i + 1)

and depth 7TkLi + 7TkL = TkL(i + 1).
Note that 9i(N+1)"" < 9k2=™ < 0.1forany N, L,k € Nt andi € {1,2, -, k}.
It follows from Equation (4.7) that

¢i($1,$27"'7%’+1) S [_0~17 1~1]7 for any Ty, T, - ,Ti+1 € [07 1]‘

Therefore, by Equation (4.4) and (4.7), we have

Gir1(1, -+ Tiga) — X172 -+ '$i+2‘ = ’¢>1 (Qbi(xh S Tig), 0($i+2)) — 1T '$i+2‘

< ’¢1 (Gi(x1, -+, i), Tiga) — Gilan, -+ 7$i+1)9€z’+2‘ + @iz, i) Tisn — 2122 i

SON+1)™ L 9i(N +1)"™ =9(i + 1)(N + 1) ™,

for any x1,z9, -+, 242 € [0, 1], which means we finish the process of induction.
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Now let ¢ = ¢r_1, by the principle of induction, we have

¢ = dp_1 € NN (width < 9(N + 1) + k — 1; depth < 7TkL(k — 1))

and
|O(z1, T2, -+ ) — 212 k| = |Pr—1 (X1, T2y -+, Tp) — T1T2 - T
<9k —1)(N +1)" ™
for any 1,9, -,z € [0,1]. So we finish the proof. O

4.1.4 Proof of main theorem

With Lemma 4.5 in hand, we are ready to prove Theorem 4.1 for approximating

general multivariable polynomials by ReLU networks.

Proof of Theorem 4.1. The case k = 1 is trivial, so we assume k > 2 below. Set
k = |lall; < k, denote & = (ay, 9, -, ovg), and let (21,22,-, %) € RF be the

vector satisfying

Jj—1 J
Zp = Ty, if ZO&Z‘<£§ZO¢Z~’ forj:l)Q’...’d.
i=1 i=1

That is,
a1 times ag times ag times
_ [~ -\ N N\ Y ——N— RE
(217227'“72}5)_(mla"'axlv $27"'ax27"'7xd7"'axd)€ .
O 00,00 og
Then we have P(x) = % = 2" 25> - - - 25" = 2120 - - 2.

We construct the target ReLU network in two steps. First, there exists an affine

linear map £ : R? — R¥ that duplicates = to form a new vector

(21,22,"',ZE, 17"'71>€Rk7
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i.e., L(x) = (21,22, +, 25, 1,-++,1) € R* for any & € R%. Second, by Lemma 4.5,
there exists a function 1) : R¥ — R implemented by a ReLU network with width
9(N+1)+k—1 and depth TkL(k—1) such that ¢ maps (21,29, -+, 2, 1,---,1) € R
to 2129 -+ - z;; within an error 9(k — 1)(N + 1)~ for any z1, 29, -+, 2 € [0,1].

Hence, we can construct our final target function via ¢ = 1 o L. Then by
Lemma 2.1 (i), ¢ can implemented by a ReLU network with width 9(N +1) +k—1
and depth 7kL(k — 1) < 7k*L, and

[9(x) — P(z)| = |p(x) — x| = [ o L(x) — 27" 25 - - - 2]
= |Y(21, 22, 2, L, -+, 1) — 2120 - 2

<9k —1)(N+1)"™ < 9k(N + 1),

for any x1, 29, -+, x4 € [0,1]. So we finish the proof. ]

4.2 Approximation of continuous functions

In this section, let us focus on constructing ReLLU networks to approximate

continuous functions on [0, 1]¢.

4.2.1 Main theorem and its proof

Theorem 4.6 below shows that ReLU networks with width O(N') and depth O(L)
can approximate f € C([0,1]?) with an approximation error 19v/dw;(N~2/4[,=2/4),

Theorem 4.6. Given a continuous function f € C([0,1]%), for any N, L € N* and
p € [1,00], there exists a function ¢ implemented by a ReLU network with width
Cymax {d|[NV¢|, N + 1} and depth 12L + C5 such that

16— fllee(o,7e) < 19Vdwp(N~2/1L72/7),

where Cy = 12 and Cy = 14 if p € [1,00); C1 = 33 and Cy = 14+ 2d if p = .
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The approximation error becomes 19v/d\N ~2¢/d [ ~2a/d

when Theorem 4.6 is ap-
plied to a function f € Holder([0, 1]¢, o, \) as shown in the corollary below, where
Holder([0, 1]4, a, A) is the space of Holder continuous functions of order o € (0, 1]

with a Holder constant A > 0.

Corollary 4.7. Given a function f € Holder([0,1]¢, o, \), for any N,L € N* and
p € [1,00], there exists a function ¢ implemented by a ReLU network with width
Cymax {d|N'4|, N+ 1} and depth 12L + Cs such that

16— fllzoqojay < 19VAANT2/4 72074

where C, =12 and Co = 14 if p € [1,00); Oy = 343 and Cy = 14+ 2d if p = 0.

The next question is: How much we can improve the approximation error in
Theorem 4.6 and Corollary 4.77 In fact, for the Holder continuous function space,
the approximation error in Corollary 4.7 is nearly optimal based on VC-dimension
as we shall see later in Section 4.4.

To prove Theorem 4.6, we introduce a theorem below, Theorem 4.8, to construct
ReLU networks to uniformly approximate continuous functions outside the trifling

region, which can deduce Theorem 4.6 easily by applying Theorem 3.7.

Theorem 4.8. Given a continuous function f € C([0,1]%), for any N, L € NT, there
exists a function ¢ implemented by a ReLU network with width max {4dLNl/dJ +
3d, 12N + 8} and depth 12L + 14 such that ||¢|| =@ < |f(0)| + w;(v/d) and

p(xz) — f(x)] < 18Vdw(N"L72/4) for any x € [0, 1]\Q([0,1]%, K, ),

where K = | NY|2|L?/| and § is an arbitrary number in (0, 3%(]
Now we are ready to prove Theorem 4.6 by assuming Theorem 4.8 is true, which

will be proved later in this section.

Proof of Theorem 4.6. Let us first consider the case p € [1,00). We may assume f

is not a constant function since it is a trivial case. Then w¢(r) > 0 for any r > 0.
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Set K = [N'/?]2| L?/4] and choose a small § € (0, 55] such that

Kd§(2|£(0)] + 2w (V)" = [NV L¥4]d5 (2] £(0)] + 2ws(Vd))"

(4.8)
< (wf<Nf2/dL72/d))P.

By Theorem 4.8, there exists a function ¢ implemented by a ReLU network with
width
max {4d|N"?| + 3d, 12N + 8} < 12max {d|N"?], N + 1}

and depth 12L + 14 such that [|¢||p(ga) < |£(0)] + ws(V/d) and
|f(x) — d(x)] < 18Vdw(N~/L72/4) for any « € [0,1])\Q([0,1]¢, K, §).

Note that (2([0,1]%, K,6)) < KdS and || f||ze(o.e) < |£(0)] + wy(v/d). Then, by
Equation (4.8), we have

Iﬂ@—¢@wﬂv{/ (@) — o(a)Pda

0,1]7\0([0,1]¢,K,9)

1= Mo = |
< Kds(2|f(0)] + 2ws(Vd))" + (18Vdwp (N~ L72/))"
< (wp(N"HAL=2)P 4 (18y/dw, (N4 =2/d))P
< (19Vdws (N~2/41-2/%)P.

([0,1]4,K,6)

Hence, || f = ¢/l oo,y < 19Vdws(N=2/4L72/7),
Next, let us focus on the case p = co. Set K = [N'/?|?| L?/] and choose a small
d € (0, 3] such that
d-wp(0) < wp (N~

By Theorem 4.8, there exists a function implemented gg by a ReLU network with
width max {4d|N'/4| + 3d, 12N + 8} and depth 12L + 14 such that

|f(z) — o(x)| < 18Vdwp (N4 = ¢ for « € [0,1)7\([0, 1], K, ).
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By Theorem 3.7, there exists a function ¢ implemented by a ReLU network with
width

3% ((max {44 N'/] + 3d, 12N + 8} +4) < 3% max {d[ N'/1], N + 1}
and depth 12L + 14 + 2d such that
|f(x) — d(x)| < e+d-wp(d) < 19Vdwp(N"YIL7YY) for any « € [0,1]7.

So we finish the proof. O

It remains to prove Theorem 4.8. To this end, we establish a proposition below

to warm up the proof of Theorem 4.8.

Proposition 4.9. For any ¢ > 0 and arbitrary N, L, J € Nt with J < N2L?, given
J samples y; > 0 for j =0,1,---,J — 1 with

ly; —yj—1| <e,  forj=1,2---,J—1

Then there exists ¢ € NN (#input = 1; width < 12N+8; depth < 4L+9; #output =
1) such that

(i) 0 < ¢(x) <max{y;:j=0,1,---,J — 1} for any v € R.

4.2.2 Proof of auxiliary theorem

We essentially construct an almost piecewise constant function implemented by
a ReLU network with with O(N) and depth O(L) to approximate the target con-
tinuous function f on [0,1]¢. We assume f is not a constant since it is a trivial
case. Then wf(r) > 0 for any r > 0. Tt is clear that |f(z) — f(0)] < w(V/d) for
any « € [0,1]%. Define f = f — f(0) + w(V/d), then 0 < flx) < 2w (V/d) for any
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x € [0,1)% Let M = N2L, K = |[NY4|2|L*4| and § be an arbitrary number in

(0, BLK] The proof can be divided into four steps as follows.

1. Divide [0,1]* into a union of sub-cubes {Qg}gefo1,..c—13¢ and the trifling
region ([0, 1]4, K, §), and denote xg as the vertex of Qg with minimum || - [;
norm for each B € {0,1,---, K — 1}%. See Figure 4.7 for the illustrations of
Q([0,11%, K,4), Qg, and xg for any B € {0,1,---, K — 1}%,

2. Construct a sub-network to implement a vector-valued function ®; projecting
the whole cube Qg to the d-dimensional index 8 for each 3, i.e., ®(x) = 3
for all x € Qg and each B € {0,1,---, K — 1}%.

3. Construct a sub-network to implement a function ¢, mapping the index 3

approximately to f(xg) for each 8. This step can be further divided into

three sub-steps.

3.1. Construct an affine linear map v, : R? — R bijectively mapping the index
set {0,1,---, K — 1}? to an auxiliary set A; C {JW :j=0,1,-- -,2Kd}

defined later. See Figure 4.8 for an illustration.

3.2. Determine a continuous piecewise linear function g with a set of break-

points A; U Ay U {1} satisfying two conditions.

o Assign the value of g at ¢(3) € A; as f(xg), i.e., go1(8) = f(xp)
for each B8 € {0,1,---, K — 1}%.
e The values of g at breakpoints in Ay U {1} are properly assigned for
applying Proposition 4.9.
3.3. Apply Proposition 4.9 to construct a sub-network to implement a function
1y approximating g well on A; U Ay U {1}. Then ¢o = 1), 0 9y satisfies

$2(B) = 0y (B) ~ gop1(B) = f(xg) for each B € {0,1,---, K — 1}%.

4. Construct the final target network to implement the desired function ¢ such
that ¢(z) = @5 0 B1(@) + f(0) — w(Vd) ~ f(wp) + [(0) —w(Vd) = f(wp)
for x € Qg and each 8 € {0,1,---, K — 1}%.
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The details of these steps can be found below.
Step 1: Divide [0, 1] into {Qs}sefo,1,,k—13a and Q([0, 114, K, ).

Define g = B/K and
Qp = {a: = (z1,,2q) €[0,1]%: 2; € [%,% — 0 lig,<x—oy] for i = 1,---,d}

for each B = (B1, B2, -, B4) € {0,1,---, K — 1}4. Recall that Q([0,1]¢, K, §) is the
trifling region defined in Equation (2.1). Apparently, xg is the vertex of Qg with

minimum || - [; norm and

[0,1]* = (Upegor,x-132 Q) | ([0, 1], K. ).

See Figure 4.7 for illustrations of ([0, 1]4, K, 0), Qg, and @ for any 8 € {0,1,---, K—
1}

' ' ' ' (0, 1, K.5) for K 4, d—2
— Q([O, 1](17 K, 5) for K=5,d=1 | Qg for B € {0,1,2,3)
*  axgfor Bef0,1,23}7

— Qﬂ fOr ﬂ S {07 1 27 37 4} H 00 TS S S S —
* xgfor 8 €{0,1,2,34}

) ) ) 0
i Qo ! @ ! @2 ! OF ! Q4
(J?() ()?2 0?4 0?6 0?8 1?()
()

Figure 4.7: Tllustrations of ([0, 1], K, ), Qs, and &g for any 8 € {0,1,---, K—1}<.
(a) K=5andd=1. (b) K=4and d=2.

Step 2: Construct ®; mapping € (g to 3.

By Theorem 3.12, there exists ¢; € NN (width < 4| N'V?| +3; depth < 4L + 5)

and

pr(z) =k, ifzel[f B —§ 1yex o), fork=01,--- K —1.
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By defining
Qi (x) = (¢1(1'1), P1(x2), - - 7¢1<33'd))> for any = € Rdv

we have ®(x) = (¢1(x1),¢1(:v2),--~,¢1(xd)) = B for all x € Qp and each B €
{0,1,---,K—1}d.

Step 3: Construct ¢, mapping B approximately to f(xg).

The construction of the sub-network implementing ¢, is essentially based on
Proposition 4.9. To meet the requirements of applying Proposition 4.9, we first

define two auxiliary sets A; and A, as

: k
A = {#+W:i_o,1,m,f<d—l—1 and k_0,1,~~-,K—1}

and

' K+k
AQ:_{KZ_l—l— 2;—d :i=0,1,---, K1 -1 and k—O,l,'--,K—l}.

Clearly, Ay UA, U{1} = {35 :j=0,1,---,2K%} and A; N A, = ). See Figure 4.8

for an illustration of A; and A,. Next, we divide this step into three sub-steps.
Step 3.1: Construct 1, bijectively mapping {0,1,---, K — 1}¢ to Aj;.

Inspired by the binary representation, we define

d—1
Tq T d

Pi(x) = s + E —, forany & = (z1,29, -+, 24) € R (4.9)
2K — K

Then )y is an affine linear function bijectively mapping the index set {0,1, -+, K —
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1} to

{ﬁerziﬁ.g_(g By €{0,1,--- K—l}d}
2K¢ ilei' — b B

—i _k ; d—1
:{Kd_l—i—ZKd:z:O,l,..-,K —1 and k:OaL“‘,K—l}:Al.

Step 3.2: Construct g to satisfy goy(8) = f(xg) and to meet the requirements
of applying Proposition 4.9.

Let g : [0,1] — R be a continuous piecewise linear function with a set of break-
points {QJW cJ = 0,1,~~~,2Kd} = A; U Ay U {1} and the values of g at these

breakpoints satisfy the following properties.

e The values of g at the breakpoints in A; are set as

g(z/q(,@)) = f(xg), forany 3¢€{0,1,---, K1}~ (4.10)

e At the breakpoint 1, let g(1) = f(l), where 1 = (1,1,---,1) € R%

e The values of ¢ at the breakpoints in A, are assigned to reduce the variation

of g, which is a requirement of applying Proposition 4.9. Note that

7 K+1 1
Kd—1 B 9Kd ' Fd-1

}§A1U{1}, fori=1,2,---, K1,

% K+1

Kd—1 2Kd

implying the values of ¢ at and # have been assigned for

i =1,2,---, K%' Thus, the values of g at the breakpoints in A, can be

successfully assigned by letting ¢ be linear on each interval | Kj,l — I;;dl, Kj,l]

. d—1 o3 Kd=17 4 K+1 i
fOYZ—l,Q,,K ,SIHCG AQgUlzl [Kd_l - 2Kd, Kd_l]-

Apparently, such a function g exists (see Figure 4.8 for an example) and satisfies

|9(52) — g(Z)| < max {ws(E),w;(VA)/K} < wp(3d), forj=1,2,---,2K,
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0.00 ®© 6069 9 9 9 0606066069999 0000 O9PVPVPBEOLOELOYIOICOOE

0.00 0.25 0.50 0.75 1.00

Figure 4.8: An illustration of A;, A, {1}, and g for the case d = 2 and K = 4.

and

0 < g(52) < 2wp(Vd), forj=01,--- 2K

2Kd

Step 3.3: Construct ¢, approximating g well on A4; U A, U {1}.

Since 2K? = Q(LNl/dJZLL2/dJ)d < 2(N%L?) < N2I2 where L = 2L, by Propo-
sition 4.9 (set y; = g(34) and € = wf(\/?a) > 0 therein), there exists 1y €
NN (width < 12N +8; depth < 4L 4 9) = NN (width < 12N +8; depth < 8L +9)
such that

=[S

02(5) — g(52)| < wp(*2), for j=0,1,- 2K — 1,

and

OSJQ()<maX{g2Kd ij,l,---,QKd—l}Swa(\/g), for any = € R.

Define 15(z) = 15(2K%) for any € R. Then, we have ¢, € NN (width <
12N +8; depth < 8L +9) by Lemma 2.1 (i),

0 < ¥(z) = o(2K%) < 2wp(Vd), for any z € R, (4.11)

and

), (4.12)

=S

[Wa(5h) = 9(5h)| = |92(4) — 9(5h)] < wy(

for j =0,1,---,2K% — 1.
The desired function ¢, can be defined as ¢, = ¥, 01);. Note that ¢, : R? — R is
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an affine linear map and ¢, € NN (#input = 1; width < 12N +8; depth < 8L +9).
Thus, by Lemma 2.1 (i), ¢ = 0101 € NN (#input = d; width < 12N+8; depth <
8L +9). By Equation (4.10) and (4.12), we have

162(8) — F(mp)| = [b2(101(B)) — g(11(B))] < wy(), (4.13)

for any B € {0,1,---, K — 1} Equation (4.11) and ¢y = 1) 0 ¢; implies

0 < do(x) < wa(\/gl), for any & € R%. (4.14)

Step 4: Construct the final network to implement the desired function ¢.

Define ¢ = ¢ 0 ®; + £(0) — ws(v/d).
$1 € NN (F#input = 1; width < 4| N¥?| + 3: depth < 4L + 5; #output = 1),
implies
®, € NN (#input = d; width < 4d| NY¢| 4 3d; depth < 4L + 5; #output = d).

Note that ¢o € NN (#input = d; width < 12N + 8; depth < 8L + 9). Thus, by
Lemma 2.1, ¢ = ¢ 0 ®; + f(0) — wy(V/d) is in

NN (width < max{4d|N"¢|+3d,12N +8}; depth < (4L+5)+(8L+9) = 12L+14).

Finally, let us estimate the approximation error. Recall that f = fN—i- f(0) —
wf(\/c_l). By Equation (4.13), for any € Qg and each 8 € {0,1,---, K — 1}%, we
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have

f(@) = (@)| = | [(2) = 620 B1(@)| = | [(x) — 62(8)|

< |f(®) — f(@a)| + | f(xp) — &:(B)|
< (L) + wy (%) < 2wy (SVAN L),

where the last inequality comes from the fact K = |N'?|?|L?/?]| > W for
any N, L € NT. Recall the fact ws(nr) < nw(r) for any n € N and r € [0, 00).
Therefore, for any x € Ugego1,... k—134@p = [0, 119\ Q([0, 1]¢, K, 6), we have

(@) = o(@)] < 2wp(8VANL7/) < 2[8Vd|ws (NL)
< 18Vdws (N1~
It remains to show the upper bound of ¢. By Equation (4.14) and ¢ = ¢90 P +

£(0) — ws(v/d), we have 9] oo (ray < | f(0)] + ws(v/d). Thus, we finish the proof.

4.2.3 Proof of key proposition for auxiliary theorem

Let us prove Proposition 4.9 to end Section 4.2. We apply Theorem 3.5 to prove

Lemma 4.10 below, which is a key intermediate conclusion to prove Proposition 4.9.
Lemma 4.10. For any ¢ > 0 and N,L € N*, denote M = N?L and assume
Ymye >0 form=0,1,--- M -1 and ¢=0,1,---,L —1 are samples with
|Yme — Yme—1| <e, form=0,1,---,M—1 and £=1,2,---,L—1
Then there exists o € NN (#input = 2; width < 12N+8; depth < 3L+6; #output =
1) such that
(1) |p(m, l) — Yme| <€ form=0,1,--- M —1 and ¢=0,1,---,L—1.

(11) 0 < ¢(z1,22) < max{yme: m=0,1,---,M —1 and ¢=0,1,---,L— 1} for

any ri,xs € R.
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Proof. Define

e = |Yme/e], form=0,1,--- M —1 and (=0,1,---,L—1.

We will construct a function implemented by a ReLLU network to map the index
(m, €) to amee = |Yme/cle = Yme form=0,1,--- M -1 and £=0,1,---,L — 1.
Define b, = 0 and by, ¢ == ame — Ay for m = 0,1,---, M —1 and (=

1,---, L —1. Since |Yms — Ymys—1| < € for all m and ¢, we have

bm,ﬁ = Qmye — Amye—1 = Lym,é/gJ - Lym,ffl/gj € {_17 07 1}

Hence, there exist ¢, » and d,, 0 € {0,1} such that by, = ¢ — dye, which implies

1 / 1
amé*amo—i_ § (amj amj71>*am,0+ § bm] am0+ E bm]
Jj=1 Jj=1 J=0
14 1
= Gmo + E Cm,j E dm]
7=0 7=0

form=0,1,--- M -1 and ¢=1,---, L —1.

Consider the sample set
{(m,ampo) :m=0,1,---, M —1} U{(M,0)}.

Its size is M +1 = N - ((NL — 1) + 1) + 1. By Theorem 3.2 (set m = N and
n = NL — 1 therein), there exists

by € NN (widthvee = 2N, 2(NL — 1) + 1]) = NV (widthvec = [2N, 2N L — 1])

such that
P1(m) = apo, form=0,1,---,M — 1.

By Theorem 3.5, there exist 1,13 € NN (width < 4N + 3; depth < 3L + 3)
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such that
¢ ;

o(m, l) = Z Cmy; and  Ys(m,l) = de,j»

J=0 J=0

form=0,1,---, M —1 and ¢=0,1,---,L — 1. Hence, it holds that

Am e = Am,0 +

Cm,j — Z 5 = r(m) + Pa(m, £) = s(m, £), (4.15)

; Vi
j=0 Jj=0

form=0,1,---, M —1 and ¢(=0,1,---, L — 1.
Define

Ymax = max{yy,:m=0,1,--- M —land ¢ =0,1,---,L —1}.

Recall that, for any x1, 2z € R, we have

min{x17x2} — zl+x2—|zl—x2 o cr(ml—l-xg)—cr(—wl—xg)—o(wl—xg)—o(—zl—i-xg) (416)

2 o 2 :

Then the desired function can be implemented by the composition of two sub-

networks shown in Figure 4.9.

(m, Z)J*{am,zs = 61 (m, e>] H<O’( e T (o) g} = )
_—
P3(m, L)
(a) é1 (b) ¢2

Figure 4.9: Illustrations of two sub-network architectures for implementing the de-
sired function ¢ = ¢,0¢; based on Equation (4.15) and (4.16) form = 0,1,---, M —1
and £ =0,1,---, L — 1.

By Theorem 3.1, ¢y € NN (widthvec = [2N,2NL — 1]) C NN/ (width < 4N +
2;depth < L+1). Note that 5,93 € NN (width < 4N +3; depth < 3L+ 3). Thus,
¢1 € NN (width < (4N +2)+2(4N +3) = 12N +8; depth < (3L+3)+1 =3L+4)
as shown in Figure 4.9. It is clear that ¢ € NN (width < 4; depth < 2), implying
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¢ = ¢p0¢ € NN (width < 12N + 8; depth < (3L +4) + 2 = 3L + 6) by
Lemma 2.1 (ii).
Clearly, 0 < ¢(71,72) < Ymax for any z1,20 € R, since ¢(x1,73) = ¢ 0

¢1(l’1>$2) = max{a(¢1(x1,w2)), ymax}-
Note that 0 < @y = |Yme/€]€ < Ymax- Then we have ¢p(m, £) = ¢g0¢1(m,l) =

2(amee) = Max{ (A r€), Ymax } = mee. Therefore,

(M, 0) = Yool = |amee = Ymel = | [Yme/€]e — yme| <€,

form=0,1,--- M —1and £ =0,1,---, L — 1. Hence, we finish the proof. O]
With Lemma 4.10 in hand, we are ready to prove Proposition 4.9.

Proof of Proposition 4.9. Let M = N2L, then we may assume J = ML since we
can set yyj_1 =y; =y = =ymr—1 if J < ML.

Consider the sample set
{(mL,m) - m=0,1,--- M}yU{(mL+L—-1,m):m=0,1,---,M — 1},

whose size is 2M + 1= N - ((2NL — 1) + 1) 4+ 1. By Theorem 3.2 (set m = N and
n = NL — 1 therein), there exist

¢1 € NN (widthvec = [2N,2(2NL — 1) + 1]) = NN (widthvec = [2N,4NL — 1])

such that
e »1(ML)=M and ¢;(mL) =¢p(mL+L—1)=mform=0,1,---,M — 1.
e ¢ is linear on each interval [mL,mL + L — 1] form =0,1,---, M — 1.

It follows that

¢1(j) =m, and j— Loi(j) =¢, where j=mL+ /¢, (4.17)
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form=0,1,--- M—1land {=0,1,---, L — 1.

Note that any number j in {0, 1, ..., J—1} can be uniquely indexed as j = mL+/
form=0,1,---,M—-1land ¢ =0,1,---, L—1. So we can denote y; = Ymr+¢ bY Ym.¢-
Then by Lemma 4.10, there exists ¢o € NN (width < 12N + 8; depth < 3L + 6)
such that

|da(m, €) — Yol <e, form=0,1,--- M —1and ¢=0,1,---,L—1, (4.18)

and

0 < ¢o(21,22) < Ymax, for any zq, x5 € R, (4.19)

where Ymax = max{ym,:m=0,1,--- .M —land £ =0,1,---,L — 1} = max{y; :
j=0,1,--- ML — 1}. Then the desired function ¢ can be implemented by the

network in Figure 4.10.

ey
e |
o=

Figure 4.10: An illustration of the network architecture implementing the desired
function ¢ based on Equation (4.17). The index 7 € {0,1,---, ML — 1} is unique
represented by j = mL + /¢ form=0,1,--- M —1land {=0,1,---, L — 1.

0(5) = d2(1(5),5 — Lén(4)) = d2(m, 0) = &(j) = ym,e = y]]

Note that ¢; € NN (widthvec = 2N, 4NL—1]) C NN (width < 8N +2;depth <
L + 1) by Theorem 3.1 and ¢ € NN (width < 12N + 8; depth < 3L +6). So ¢ €
NN (width < max{8N +2+1,12N +8} = 12N +8; depth < (L+1)+2+ (3L +6) =
4L + 9) as shown in Figure 4.10.

By Equation (4.19) and Figure 4.10, we have

0 < ¢(2) < Ymax =max{y; : j=0,1,--- ML —1}, forany z€R.

Represent j € {0,1,---, ML — 1} via j = mL+{ for m =0,1,---,M — 1 and
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¢=0,1,---,L— 1, then we have, by Equation (4.18),

0(7) =yl = 102(61(3). 7 = L1 () — il = |d2(m, €) = yme| < €.

So we finish the proof. O

We would like to remark that the key idea in the proof of Proposition 4.9 is
the “bit extraction” technique, which allows us to store L bits in a binary number
bin0.6,05 - - - 81, and extract each bit §;. The extraction operator can be efficiently

carried out via a deep ReLLU neural network, demonstrating the power of depth.

4.3 Approximation of smooth functions

In Section 4.2, we show that the approximation of a function f € C([0,1])¢, by
ReLU networks with width O(N) and depth O(L), admits an approximation error
19v/dws(N=#/?L=%/?) in the LP-norm for p € [1,00]. The next question is whether
the smoothness of functions can improve the approximation error. In this section,

we investigate the approximation of smooth functions by ReLU networks.

4.3.1 Main theorem and its proof

Theorem 4.11 below shows that ReLU networks with width O(N In N) and depth
O(LIn L) can approximate a function f € C*([0,1]¢) with a nearly optimal ap-

proximation error O(|| f| Cs([071]d)N72s/dL72S/d>. See Section 4.4.2 for the optimality

discussion.

Theorem 4.11. Given a smooth function f € C*([0,1]%) with s € N, for any
N, L € N7, there exists a function ¢ implemented by a ReLU network with width
C1(N +2)logy(8N) and depth Cay(L + 2)log,y(4L) + 2d such that

6 — fllLee(o.1) < Csl f]

Cs([()’l}d)]\f—2s/clL—2$/d7
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where Cy = 175%134d, Cy = 18s%, and C3 = 85(s + 1)78°.

As we can see from Theorem 4.11, the smoothness improves the approximation
error in N and L. However, we would like to remark that the improved approxima-
tion error is at the price of much larger constants.

In Theorem 4.11, the logarithmic terms in width and depth can be further re-

duced if the approximation error is weaken. Note that for any N , L € N* with
N > C1(142)log,(8) = 17713424 and L > Co(1+2)logy(4)+2d = 108s>+2d,
there exist N, L € N* such that
Ci(N +2)1ogy(8N) < N < Oy ((N + 1) +2) log, (8(N + 1))
and
Co(L +2)logy(4L) +2d < L < Co((L + 1) + 2) logy (4(L + 1)) + 2d.

It follows that

N +3 N N
N > > > =
4 4C1 1og,y (8N +8) — 6859+134d log, (8N + 8)
and _ -
s L+3 L—2d N L—2d

> > = T ‘
4 4C5logy (4L +4) — 7942 log, (4L + 4)

Thus, we have an immediate corollary.

Corollary 4.12. Given a function f € C*([0,1]%) with s € NT, for any N,Le Nt,
there exist a function ¢ implemented by a ReL U network with width N and depth L
such that

~ —2s/d ~ —2s/d
N L—2d
OS([OJ}d) (6’2 log2 (8ﬁ+8) ) (63 10g2 (4Z+4) > ’

|6 — fllzee(o,179y < Chll f]
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for any N > 17s%13%2d qnd L > 108s2 + 2d, where C, = 85(s + 1)48°, Cy =
68s9+134d, and Cy = 725>

To prove Theorem 4.11, we first introduce Theorem 4.13, a simplified version of
Theorem 4.11 ignoring the approximation error in the trifling region Q([0, 1]¢, K, d).
Then Theorem 4.11 can be easily proved by combining Theorem 3.7 and 4.13 to-
gether. Recall that C2([0,1]%) is the closed unit ball of C*([0, 1]%).

Theorem 4.13. Given a smooth function f € C:([0,1]%), for any N,L € N¥,
there exists a function ¢ implemented by ReLU network with width 165 d(N +
2)1og,(8N) and depth 18s*(L + 2)log,(4L) such that

|p(x) — f(x)] < 84(s + 1)48N=2/4[ =2/ for any & € [0, 1]\Q([0, 1]¢, K, §),

where K = | NY|2|L?/?| and § is an arbitrary number in (0, SLK]

Theorem 4.13 will be proved in Section 4.3.3. By assuming Theorem 4.13 is true,

we can prove Theorem 4.11 based on Theorem 3.7.

Proof of Theorem 4.11. We may assume || f|

C=(]0,1]%) > ( since Hfl

trivial case. Define f == o € Ci([0,1]%), set K = | NY4|2| L?/] and choose
o3 (lo,119)

] such that

Ccs([0,1]4) = 0is a
a small 6 € (0, 5

d - wf((s) < N—Qs/dL—Qs/d.

By Theorem 4.13, there exists a function 5 implemented by a ReLLU network with
width 16s4T1d(N + 2) log,(8N) and depth 18s%(L + 2)log,(4L) such that

6(@) — Fl@)] < 84(s + 1SN/ for any @ € [0, 11Q(0, 1], K, 6),

By Theorem 3.7, there exists a new function 5 implemented by a ReLLU network
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with width
3d<163d“d(N +2) log,(8N) + 4) < 17571344(N + 2) log, (8N)
and depth 18s*(L + 2)log,(4L) + 2d such that

16 — Fllzo(oag < 84(s + 1) N"2/4L 254 4 . 4(5)

< 85(s + 1)18s N~2s/d,~2s/d

Finally, set ¢ = || fllcs(o.¢) - » then

16 — fllzeeqo.0) = [ fllcsoay - [1f — @l oo (po.179)
< 85(s + 1)48°|| f]| ¢ (fo.1jay N 2/ L2/,

and ¢ can also be implemented by a ReLU network with width 17s13%d(N +
2)log,(8N) and depth 18s*(L + 2)log,(4L) + 2d. So we finish the proof. O

It remains to prove Theorem 4.13, a weaker version of Theorem 4.11 targeting
a ReLU network constructed to approximate a smooth function outside the trifling
region. We discuss the ideas of the proof in Section 4.3.2 and give the detailed proof
in Section 4.3.3.

4.3.2 lIdeas of proving auxiliary theorem

Set K = O(N?L2/4) and let ([0, 1]%, K, §) partition [0, 1]¢ into K cubes Qs for
Be€{0,1,---, K — 1} In particular, for each B8 = (81, B2, -++,84) € {0,1,--+, K —
1}, we define zg = 3/K and

Qp = {a:: (X1, 29, ,xq) s x; € [%,%—(5-1{&SK,Q}] fori:1,2,---,d}.

Clearly, [0,1]¢ = Q([0,1]¢, K,6)J ( Uge{o,1, K—1}4 Qﬁ) and xg is the vertex of ()g

with minimum || - ||; norm. See Figure 4.11 for the illustrations of Q([0, 1], K, §),
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Qp, and xg for any B € {0,1,---, K — 1}<.

| m— ([0, 1] K, ) fOI K=5d=1 |
' () for B € {0,1,2,3,4} |
L x xgfor Be{0,1,2,3,4}

L Q([U 14 K,6 )fm K=4,d=2
Qg for B €{0,1,2,3}?
* axgfor Bef0,1,23}°

0.75
: ot B 5 5 .
T — — d— —
P Qo POy b b Qs o 0.2

0.50

0.0 0.2 0.4 0.6 0.8 1.0 o 0.00 025 050 0.5 L0

(a) (b)

Figure 4.11: Tllustrations of Q([0,1]%, K, §), Qg, and xg for any B € {0,1,---, K —
1}4. (a) K=5andd=1. (b) K =4 and d = 2.

For any & € Qg and each 3 € {0,1,---, K — 1}%, there exists & € (0,1) such
that
o= X Sy S Sy g 5,0

elli<s—1 lledlli=s
. v . /

% %
where h = x — xg = x — B/K. It is clear that the magnitude of .7 is bounded by
O(K~*) = O(N~%/1L=25/4)So we only need to construct a function in NN (width <
O(NInN); depth < O(LIn L)) to approximate

% — Z Baf(mﬂ)ha

a!
lofli<s—1

within an error O(N~2%/¢L=25/%). To approximate .7; well by ReLU networks, we

need three key steps as follows.
e Construct a ReLU network to implement a vector-valued function ¥ : RY —
R? projecting the whole cube Qg to the point g = %, i.e., ¥(x) = xg for
any € Qg and each 8 € {0,1,---, K — 1}%.

e Construct a ReLU network to implement a function P, : R? — R approxi-

mating the polynomial h* for each a € N? with [|a||; < s — 1.

®Z”a”1:S is short for Z”a”l:&aeNd. The same notation is used throughout this dissertation.
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e Construct a ReLU network to implement a function ¢ : R* — R approximat-
ing 0% f via solving a point fitting problem, i.e., ¢, should fit 0% f well at all
points in {xg: B € {0,1,---,K — 1}4} for each a € N with |le||; < s — 1.
That is, for each a € N? with ||a|; < s — 1, we need to design ¢, to make

the following equation true.

‘gba(acg) - aaf(xﬂﬂ < O(N~2/AL=2/d)  for any B € {0,1,---, K — 1}<.

Note that the first and second steps are done by Theorem 3.12 and 4.1, respec-
tively. We will establish a proposition for the last step, which will be applied to
support the construction of the desired ReLLU networks. Its proof will be avail-
able later in Section 4.3.4. In fact, we can construct ReLU networks with width
O(sNIn N) and depth O(L In L) to fit O(N?L?) points with an error O(N 2L %) <
O(N~2s/4[,=25/d) a5 shown in Proposition 4.14 below.

Proposition 4.14. Given any N, L,s € Nt and &; € [0,1] fori =0,1,---, N?L*—1,
there exists ¢ € NN (#input = 1; width < 16s(N + 1)log,(8N); depth < 5(L +
2)log,(4L); #output = 1) such that

(i) |p(i) — &| < N"2L72 fori=0,1,---, N?L? — 1.
(i) 0 < ¢(x) <1 for any x € R.

The proof of Proposition 4.14 can be found in Section 4.3.4. Finally, let us
summarize the main ideas of proving Theorem 4.13 in Table 4.1. See the detailed

proof in Section 4.3.3.

4.3.3 Proof of auxiliary theorem

According to the key ideas of proving Theorem 4.13 we summarized in Sec-

tion 4.3.2, we are ready to present the detailed proof.

Proof of Theorem /.13. The detailed proof can be divided into three steps as follows.
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Table 4.1: Key ideas of approximating a smooth function. Note that h = x—W¥(x) =
x — xg for any « € Qg and each B € {0,1,---, K — 1}%.

target function function implemented by network width depth approximation error
step function ¥(x) O(N) O(L) no error outside ([0, 1]%, K, §)
1Ty (21, 22) O(N) o(L) & = 216(N + 1)~ 2@+
h~ P, (h) O(N) O(L) & =9s(N + 1)~k
0 f(¥(x)) 0a(¥(x)) O(NInN) O(LInL) & =2N"2[72
T e T o(eta pm) OVMN) OUWL) O+ éa)
f(=) @)= ¥ (= Pi(z - ¥(@)) ONIN) O(LInL) Ol + 6 +6 + &)

leel<s—1

< O(K—s) — O(N—Zs/dL—Qs/d>

Step 1: Set up.

Set K = |NY4|2| L] and let Q([0,1]%, K,d) partition [0,1] into K¢ cubes
Qp for each B € {0,1,---, K — 1}?. In particular, for each B = (81,52, -+, 84) €
{0,1,--+, K — 1}*, we define g := 3/K and

Qp = {zc = (1,29, -+, xq) 1 T; € [%, B’;l — 0 lig,<k—n) for i = 1,2,-~,d}.

Clearly, [0,1]4 = Q([0,1]%, K,6) U (Ugeqo.1...c-1y¢ @p) and g is the vertex of Qg
with minimum || - ||; norm. See Figure 4.11 for the illustrations of Q([0,1]¢, K, ),
Qp, and xg for any 3 € {0,1,---, K — 1}<.

By Theorem 3.12, there exists ¢ € NN (width < 4N + 3; depth < 4L + 5) such
that

Y(x) =k, ifxe[%a%_é'l{kgxq}], for k=0,1,---, K — 1.

Then, for each 8 € {0,1,---, K — 1}%, ¢(x;) = B; for all x € Qg for i = 1,2, d.
Define

‘I’(CB) = (77/}(1:1)’ ¢(I2)7 e aqu)(xd))/Kv for any x < Rda
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then
U(z)=PB/K=zg, ifxecQp, foranyﬁe{O,L...?K_l}d_

For any « € Qg and each 3 € {0,1,---, K — 1}, by the Taylor expansion, there
exists & € (0,1) such that

fly= Y EEpey N 2IE@EMpe where h =z — ¥(x).

el <s—1 lledli=s

Step 2: Construct the desired function ¢.

By Lemma 4.4, there exists ¢ € NN (width < 9(N +1) +1; depth < 2s(L + 1))
such that

|1, ) — 215| < 216(N + 1) 2T+ — & for any 1,25 € [-3,3].  (4.20)
For each a € N? with ||a||; < s, by Theorem 4.1, there exists P, in
NN(Width <9(N +1)+s—1; depth < 7$2L)
such that
|Py(x) — 2% < 9s(N + 1)L = &, for any x € [0,1]". (4.21)
For each i = 0,1,---, K¢ — 1, define
(i) = (n, 12, +,ma) € {0,1,--+, K — 1}

d
such that > n;K7~' = 4. Such a map 7 is a bijection from {0,1,---, K¢ — 1} to
j=1
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{0,1,---, K — 1}%. For each a € N with ||a||; < s — 1, define
Sasi (aaf(%)-l-l)/l foranyie{()’17...,[(d_1}'

Note that K¢ = ([NY4]2[ L2/} < N2L? and &a, = (9*f(%2) +1)/2 € [0,1] for
i=0,1,---,K%— 1. By Proposition 4.14, there exists

Po € NNV (width < 165(N + 1) log,(8N); depth < 5(L + 2) log,(4L))
such that, for each o € N with ||e||; < s — 1, we have
0 (i) — Eas] S N"ZL7%, fori=0,1,---, K9 —1.
For each a € N? with |la|; < s — 1, define
balx) = 25Q(Z:cj[(j’1) —1, for any & = (z1, 29, - -, 24) € RY,
which implies by Lemma 2.1 that

Pa € NN (width < 165(N + 1) log,(8N); depth < 5(L + 2)log,(4L)).

Then, for each n = n(i) = (N, m9,--+,n4) € {0,1,---, K — 1}? corresponding to
i= Z;l:l n; K71 € {0,1,---, K — 1} and each a € N? with ||a||; < s — 1, we have

’¢a% B %‘_‘2¢a ZnJKjl _1_(2€az_ )
= 2|0 (i) — Eail <2N"L7%

Thus, for each B € {0,1,---, K — 1}%, we have

|ba(xg) — 0% f(xp)| = |9a(L) — 0*F(L)| < 2N"HL7* = &, (4.22)
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Now we can construct the target function ¢ as

Z @(W, Pz — \Il(zc))), for any x € R%. (4.23)
lelli<s—1
Step 3: Estimate approximation error.

Fix 8 € {0,1,---, K — 1}% let us estimate the approximation error for a fixed
x € Q. Recall that ¥(x) = xg and h = x — ¥(x) = © — xg. Then, it is easy to
verify that |f(x) — ¢(x)| is bounded by

S SiMeElpe Y S S (50 p (o W(a)))

llafl1<s—1 llll1=s lall1<s—1
< Z ‘&lf(m(f'-l-fmh)hoc‘ + Z ‘aag!mﬁ)ha N ¢(¢aé‘fﬁ)’Pa(h))‘ = S+ S
ﬂa\h:s |1 <s—1
B2 S

Recall that

Z l={aeN:|ali=s} <(s+ 1) ®

lelli=s

and

s—1 s—1
- (Z) S 1) < (s — 1 1) = st

elli<s—1 =0 *lali=i =0

For the first part .#;, we have

= Y [Plestetpel < S LR < (s 1)K

lledlli=s llexlli=s

d—1
©In fact, we have [{a € N : |afl; = s}| = (*}%"), implying (s/d + 1)*~! < Pllafhizs I <
(s +1)?~1. Thus, the lower bound of the estimate is still exponentially large in d. To the best of
our knowledge, we cannot avoid a constant prefactor that is exponentially large in d when Taylor
expansion is used in the analysis.
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Now let us estimate the second part %, as follows.

Sy = Z ’aaf(wﬁ)ho‘ _ (p(o"‘(mﬁ),Pa(h))’

a!l a!

loefl1<s—1
< X TR (TR Pa)| YD (TR Pah) - (S Pa(h)]
lofi<s—1 a1 <s—1
J2,1 F2,2
= Iy1+ Sa0.

Note that & = 9s(N + 1)"™L < 95(2)~™ < 2. By Equation (4.21), it easy to
verify that P,(h) € [—2,3] C [-3,3] for each a € N¢ with |a|; < s — 1. Clearly,
h € [0,1]? and %ﬂwﬁ) € [-1,1] C€ [-3,3] for each a . Then, by Equation (4.20)

and (4.21), we have

Fo1 = Z

3af('f”,6)ha _ @(aagfﬁ),f’a(h)))

(s )
leel1<s—1
< Z <‘30¢J;f!ﬂ'3g)ha . z)a,if!rca)pa(h)‘ 4 UQ-ZT@‘)Pa(h) _ @(aagfﬁ),f’a(h)) ’)
lell1<s—1

< & by Eq. (4.20)

< ) (ilh“—Pa(hM%)g Y (G+ &) <sNE+ &)

<s—1 <s—1
el <s < & by Eq. (4.21) el <s

To estimate % 5, we need the following fact derived from Equation (4.20):

‘<P(9U1, 952) - <P(551,9U2)!§ l@ﬁ(fﬂh $2) - l"ﬂzl—f— \80(551, 952) - fL’EQ! +!5U1$2 - 513U2|

< & by Eq. (4.20) < & by Bq. (4.20) (4.24)

S Qéal + 3’x1 - fl’v

for any x1, 7, e € [-3,3].
Since & = 2N~*[ 7% < 2 and %(!%) € [~1,1] for each a € N¢ with ||a||; <

s — 1, we have M € [-3,3] by Equation (4.22). Recall that Py(h) € [-3,3].

(07
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Then, by Equation (4.22) and (4.24), we have

j2,2 - Z ‘@(WJT@»PQ(’-")) _SD(QQ((;;B)»Pa(h))‘

el <s—1

<261 + 210% [ (wp) — ba(wp)| by Ea. (4.24)

< ¥ (231+%}5°‘f(:1:g)—¢a(m5)|> < Y (26 +38) < 526+ 36).

elli<s—1 lelli<s—1

~
< & by Eq. (4.22)

Therefore, we have

[f(x) — ¢(@)| < I+ I < I+ Iy + o
< (s+ DK 4 5U(& 4+ &) + 5428 + 38)

< (s+ V)UK + 38 + & +368).

Recall the fact [0, 1]9\Q([0, 1]4, K, §) = Ugefo1,-x-13¢Qp. Since B € {0,1,--+, K—

1}4 and @ € Qg are arbitrary, we have,

1f(x) — d(x)| < (s + 1)K + 361 + & + 36),
for any @ € [0,1]\Q([0,1]%, K, 8). Note that K = |[NV/4]?|[2/4] > NI anq
(N—l— 1)—7sL S (N+ 1)—23(L+1) S (N+ 1)—232—23L S N—ZSL_QS'

Then we have

(s+ DHK 5 +3& + & + 383)

d(K +648 N + ) 2s(L+1) —|—9S(N—|— 1)77SL+6N72SL728>
<(s+1 d(s N=25/4=25/d | (654 4 9s)N—28L—28)
(8°

< (54 1)%(8° + 654 + 9s) N 2/1L[ 725/ < 84(s5 4 1)I8S N~2s/d [ =25/d,

It remains to estimate the width and depth of the network implementing .
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Recall that, for each a € N? with |||y < s —1,

(W € AV (width < d(4N +3); depth < 4L + 5),
$a € NN (width < 165(N + 1)log,(8N); depth < 5(L + 2) log,(4L)),
P, € NN (width < 9(N + 1) + s — 1; depth < 7s°L),

| v € NN (width < 9N + 10; depth < 2s(L + 1)).

Qa O(X(‘I’ z))

\ >{w<%<z#”,m<~<x>>>J

Figure 4.12: An illustration of the sub-network architecture implementing
@(W,Pa(m - \I'(a:))> for each @ € N? with ||a| < s —1 when & € Qg
for each B € {0,1,---, K — 1}

By Equation (4.23) and Figure 4.12, it easy to verify ¢ can be implemented by
a ReLU network with width

Z 16sd(N + 2)log,(8N) < s? - 16sd(N + 2)log,(8N)
lleells <s—1

= 1651 d(N + 2) log,(8N)

and depth

(4L +5) + 5(L+2)logy(4L) + 7s*L + 2s(L+1) + 3 < 18s*(L + 2)log,(4L).

So we finish the proof. O

4.3.4 Proof of key proposition for auxiliary theorem

Let us discuss the construction of RelLU networks to fit a collection of points
in R?. Tt is trivial to fit n points via one-hidden-layer ReL.U networks with O(n)

parameters. However, to prove Proposition 4.14, we need to fit n points with much
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fewer parameters, which is the main difficulty of our proof. Our proof below is mainly

based on the “bit extraction” technique and the idea of function compositions.

Proof of Proposition 4.14. Set J = [2slogy(NL+1)] € N*. For each & € [0, 1],
there exist & 1,&2, -+, & s € {0,1} such that

& —bin0.§; &0+ &yl <277, fori=0,1,---,N?°L* - 1.
By Theorem 3.4, there exist
G1, @2, -+, 95 € NN (width < 8N + 6; depth < 5L +7)
such that
¢;(i) =&, fori=0,1,--- N°L*—1and j=1,2,---,J.

It follows that, for i = 0,1,---, N2L? — 1,

J J
‘ Z 277 ¢,(i) — &| = ‘ Z 2776, — &
= =1

= |bin0.&1&n - &y — &| <277 S NTHLT,

(4.25)

where the last inequality comes from

27J — 27|'2510g2(NL+1)'| < 272310g2(NL+1) _ (NL + 1)728 < N72$L72s'

Recall that

J = [2slogy(NL+1)] < 2s(1+1logy(NL+1)) < 2s(1 + logy(2N) + log, L)

< 25(1 +1og,(2N)) (1 + log, L) < 2s[log,(4N)][log,(2L)],

and ¢; € NN (width < 8N + 6; depth < 5L+ 7) for each j. Then one could use the
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network architecture in Figure 4.13 to implement a function gg such that

J

o(i) =Y 279¢;(i), fori=0,1,--- ,N*L*—1.

=1

Figure 4.13: An illustration of the network architecture implementing 5(2) =
ijl 279¢;(i) for any ¢ € {0,1,---,N?L? — 1}. We assume J = mn, where
m = 2s[logy(4N)] and n = [log,(2L)], since we can set ¢y = -+ = Ppy = 0 if
J < nm.

Clearly, the network architecture in Figure 4.13 is with width

(8N +6)m+ (1+m+1) = (8N + 6)2s[log,(4N)] + (2s[log,(4N)] + 2)

< 16s(N + 1) log,(8N)

and depth
(BL+7)+1)n=((BL+7)+ 1)[logy(2L)] < (5N + 8)log,(4L).
Finally, we define
¢(x) = min {o(4(x)),1} = min { max{0, o(x)},1}, for any z € R,

See Figure 4.14 for the network architecture implementing ¢. Then 0 < ¢(z) < 1
for any z € R and ¢ can be implemented by a ReLU network with width 16s(N +
1)log,(8N) and depth (5L + 8)log,(4L) + 3 < 5(L + 2) log,(4L).
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o U(<l>

7— (30 mm{o 0.1} =60)

\ o (o (i) — 1) /
0'(7 (i

a(6(i) +1)

Figure 4.14: An illustration of the network architecture implementing the desired

function ¢ for i = 0,1, -, N2L2—1, based on the fact min{z;, z,} = Dtz2—lm=el _

2
o’(zl+x2)70(7$1722)70’({21722)70’(71’1+$2)
D) .

Note that
ZQ ]¢j 22 351] - ban 61 1512 gi,J S [07 1]7
fori =0,1,---,N?L? — 1, implying

’¢(7’) - Szl = } min {0(5(2)), 1} — & < N_2SL_2S,

J
— 166) — &1 = | D276 — &
j=1

where the last inequality comes from Equation (4.25). So the proof is complete. [

4.4 Optimality of approximation by networks

In this section, we will study the best possible approximation errors for several
function spaces approximated by ReLLU networks. To this end, we adopt the method
in [38,52,53,58,59,60] via studying the connection between the approximation error
and VC-dimension. Thus, let us first present the definitions of VC-dimension and

related concepts.

Definition 4.15 (Growth function, VC-dimension, Shattering). Let H be a class of

functions mapping from a general domain X to {0,1}. For any m € Nt we define
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the growth function of H as

My(m) =  max H[h(a;1>,h(w2),---,h(wm)] (0,1} he H}

T1,x2,Tm EX

Y

where | S| denotes the size of a set S.

We say H shatters the set {x1, @2, -, @, } C X if
H [h(@1), W), -+, h(®m)] € {0,1}™ - h e HH = 2"

The Vapnik-Chervonenkis (VC) dimension of H, denoted by VCDim(H), is the size
of the largest shattered set, namely, the largest m such that IIg(m) = 2™. By
convention, VCDim(H) = oo if Iy (m) = 2™ for all m € N*.

Let .# be a class of functions from X to R. The VC-dimension of .%, denoted
by VCDim(.%), is defined by VCDim(.%#) = VCDim(T o .%), where

>
T(t) = {(1) i;g and ToF ={Tof:feF)}

9

In particular, the expression “VC-dimension of a network (architecture)” means the
VC-dimension of the function set that consists of all functions implemented by this

network (architecture).

Definition 4.16. Let Q(xo,n) € R? denote the closed cube with center =, and
sidelength 7. For any cube @ = Q(xq,n), Q) denote the closed cube satisfying two
conditions: 1) r@ has the same center as @Q; 2) the sidelength of 7@ is equal to the
multiplication of r and that of Q.

4.4.1 Holder continuous functions

Let us first consider the Hélder continuous function space Hélder([0, 1], ai, A).
Without loss of generality, we assume A = 1. Theorem 4.17 below shows that the
best possible approximation error of functions in Hélder([0, 1]¢, o, 1) approximated

by functions in .% is bounded by a formula characterized by VCDim(.%).
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Theorem 4.17. Given any ¢ € (0,2/9) and a function set .F with all elements
defined on [0,1]4, if

;2; I = flleqoayey <&, for any f € Holder([0,1]%, o, 1), (4.26)

then VCDim(.F) > (9¢)~%/.

This theorem investigates the connection between VC-dimension of .# and the
approximation errors of functions in Holder([0, 1]¢, o, 1) approximated by elements
of .#. In other words, the best possible approximation error is controlled by
VCDim(.#)~*/4/9. A typical application of this theorem is to prove the opti-
mality of approximation errors when using ReLLU networks to approximate func-
tions in Holder([0,1]%, o, 1). It is shown in [4] that VC-dimension of ReLU net-
works with a fixed architecture with W parameters and L layers has an upper
bound O(WLInW). It follows that VC-dimension of ReLU networks with width
N and depth L is bounded by O(N?L - L - In(N%L)) < O(N?L?*In(NL)). That is,
VCDim(#) < O(N?L*In(NL)), where

F = NN (#input = d; width < N; depth < L; #output = 1).

We denote the best approximation error of functions in Hélder([0, 1], a, 1) ap-

proximated by ReLLU networks with width N and depth L as

Ead(N, L) = sup ( inf
feHslder([0,1]4,a,1) PENN (width<N;depth<L

: ¢ — fHLOC([O,l}d)) ;

for any N, L € N*. Then, by Theorem 4.17 and Corollary 4.7, we have

99 —a/d 99 —a/d
Cy(a,d) - (N L m(NL)) < Eaa(N,L) < Cyla,d)- (N L) ,

Vv Vv
implied by Theorem 4.17 shown in Corollary 4.7

where Cj(a,d) and Cy(a,d) are two positive constants determined by « and d,

and Cy(a, d) can be explicitly represented. Therefore, the approximation error in
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Corollary 4.7 is nearly optimal.

Now let us present the detailed proof of Theorem 4.17.

Proof of Theorem 4.17. Recall that the VC-dimension of a function set is defined
as the size of the largest set of points that this class of functions can shatter. So
our goal is to find a subset of .Z to shatter O(e~%?) points in [0, 1]¢, which can be

divided into two steps.

e Construct {f, : x € B} C Holder([0,1]¢, o, 1) that scatters O(s~¥%) points,

where & is a set defined later.

e Design ¢, € .7, for each y € A, based on f, and Equation (4.26) such that
{6, : x € F} C.F also shatters O(e~%<) points.

The details of these two steps can be found below.
Step 1: Construct {f, : x € #} C Holder([0,1]%, a, 1) that scatters O(e~%<)
points.

Let K = [(92/2)™%] € N* and divide [0,1]¢ into K¢ sub-cubes {Qp}s as

follows.

Qﬁ = {$=($1,x2,-~-,xd) S [071]d:xi € [%7B}J(r1] fori:1727"'7d}7

for any index vector B = (3, Ba,- -+, 84) € {0,1,---, K — 1}%.
Define a function (g on [0, 1]? corresponding to Q = Q(zy,n) C [0, 1]¢ such that

* Colwo) = (n/2)*/2.
e (o(x) =0 for any x ¢ Q\JQ, where 0Q) is the boundary of Q.
e (¢ is linear on the line that connects x, and x for any x € 0Q).

Define

B = {szisamap from {0,1,---, K —1}% to {—171}}‘
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For each x € %, we define

A= Y x(B)g,(®),

BE{O’lszil}d

where (g, () is the associated function introduced just above. It is easy to check

that {f, : x € &} C Hélder([0,1]¢, «, 1) can shatter K¢ = O(e~%) points in [0, 1].
Step 2: Construct {¢, : x € %} that also scatters O(e~%“) points.

By Equation (4.26), for each x € 4, there exists ¢, € .# such that

& = Fllzoe(oagey < €+ ¢/81.

Let p(-) denote the Lebesgue measure of a measurable set. Then, for each x € 4,
there exists H,, C [0,1]¢ with u(H,) = 0 such that

oy () — fr(z)] < 2—?5, for any « € [0, 1]d\7-lx.

Set H = UyesH,y, then we have p(H) = 0 and

[0y () — fy(x)| < Be, for any x € Z and = € [0, 1]\ K. (4.27)
Since (g has a sidelength % = W, we have, for each 3 € {0,1,---, K —

1}¢ and any x € %Q@,

@) = Gop (@) = $60n(@0p) = 5 (srr5errr) /2 2 Be, (4.28)

where q, is the center of Q.
If follows from pu((75Q)\H) > 0 that (£Qp)\H is not empty for each 3 €
{0,1,---, K —1}4. Thus, by Equation (4.27) and (4.28), for each B € {0,1,---, K —
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1} and each x € A, there exists g € (75Qp)\H such that

[fr(ma)| > S5e > 552 > | fr(mg) — oy (mp)l.

Therefore, f,(xg) and ¢, (xg) have the same sign for each x € # and each
Be{0,1,---,K —1}%. Then {¢, : x € B} shatters {zg: 8 € {0,1,---, K — 1}4}
since { fy : x € A} shatters {xg: B € {0,1,---,K — 1}*}. Hence,

VCDim(7) > VCDim({¢, : x € B}) > K = [(9¢/2)7 /2] > (9¢)~%, (4.29)

where the last inequality comes from the fact |x] > x/2 > 2/(2/) for any x €
[1,00) and « € (0,1]. So we finish the proof. ]

4.4.2 Smooth functions

Next, let us consider another function space C#([0,1]¢), which is the closed unit
ball of the smooth function space C*([0,1]¢). Theorem 4.18 below shows that the
best possible approximation error of functions in C([0, 1]¢) approximated by func-

tions in .# is bounded by a formula characterized by VCDim(.%).

Theorem 4.18. Given any s,d € N*, there ezists a small positive constant Cs 4
determined by s and d such that: For any € € (0, (2dC’S7d)s/d] and a function set
F with all elements defined on [0,1]%, if

it 6= flliegone <= for any £ € C3([0,1]%), (4.30)

then VCDim(.F) > C, qe= 5. @

This theorem demonstrates the connection between VC-dimension of .%# and the
approximation error using elements of .Z to approximate functions in C%([0, 1]¢). To

be precise, the best possible approximation error is controlled by O (VCDim(ﬂ )~/ d) .

@1n fact, Cs,q can be expressed by s and d with a explicitly formula as we remark in the proof
of this theorem. However, the formula may be very complicated.
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A typical application of this theorem is to prove the optimality of approxima-
tion errors when using ReLU networks to approximate functions in C2([0, 1]¢). Tt
is shown in [4] that VC-dimension of ReLU networks with a fixed architecture
with W parameters and L layers has an upper bound O(WLInW). It follows
that VC-dimension of ReLLU networks with width N and depth L is bounded by
O(N?L-L-In(N?L)) < O(N?L*In(NL)). That is, VCDim(.#) < O(N?L?*In(NL)),

where
F = NN (#input = d; width < N; depth < L; #output = 1).

We denote the best approximation error of functions in C#([0, 1]¢) approximated

by ReLU networks with width N and depth L as

Esa(N,L) = su inf — oo )
7d( ) fEC;([%)),l}d) (¢€NN(Width<N; depth<L) H(b fHL ([0’1}(1))

for any N, L € N*, where C2([0, 1]¢) is the closed unit ball of C*([0,1]¢). Then, by
Theorem 4.18 and Corollary 4.12, we have

—s/d - —s/d

Cils,d) - (NP(NE)) ™ < Eu(N,1) < Colsd) - (i)

(InNInL)?

J/

vV vV
implied by Theorem 4.18 shown in Corollary 4.12

where C(s,d) and Cy(s,d) are two positive constants in s and d, and Cy(s,d) can
be explicitly expressed. Therefore, the approximation errors in Theorem 4.11 and
Corollary 4.12 are nearly optimal.

Now let us present the detailed proof of Theorem 4.18.

Proof of Theorem 4.18. To find a subset of .# shattering O(¢~%*) points in [0, 1]¢,

we divide the proof into two steps.

e Construct {f, : x € B} C C5([0,1]) that scatters O(s~%*) points, where 2

is a set defined later.
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e Design ¢, € Z, for each x € 4, based on f, and Equation (4.30) such that
{6, : x € B} C F also shatters O(s~*) points.

The details of these two steps can be found below.
Step 1: Construct {f, : x € B} C C3([0,1]%) that scatters O(s~%*) points.

Let K = O(¢7/*) be a positive integer determined later and divide [0, 1]¢ into
K? sub-cubes {Qs}s as follows.

Qp = {w:(xl,xg,---,xd) € [O,I]d::vi € [%,%] forizl,Q,---,d},

for any index vector B = (81, Ba,- -+, B4) € {0,1,---, K — 1}%.
There exists a “bump function” § € C*°(R?) such that §(0) = 1 and g(x) = 0

for ||z|l2 > 1/3. For example, we can define g as

i(x) = { exp ([ + 1), if ez < 1/3,
0, otherwise,

where exp(z) = €* for any € R and e ~ 2.7 is the natural logarithmic base. Then,
we have g == §/C,q € C2(]0,1]%) by setting 5’57(1 = ||g|
Define

Cs([0,1]%)-

B = {X:Xisamap from {0,1,---, K —1}? to {—1,1}}

and

g = K’Sg(K(:c — wQﬁ)), for each B € {0,1,---, K — 1},

where xq, is the center of Qg. Then, we have

{x: gs(x) # 0} C B(xg,,3r) C 2Qp, foreach B €{0,1,--- K — 1},
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Next, for each x € %, we can define f, via

A@) =Y x(B)gs=).

Be{0,1,+ K ~1}d
Then f, € C5([0,1]¢) for each x € 2, since it satisfies the following two conditions.

e By the definition of gg and x, we have
{z : x(B)gp(x) # 0} C %QB, for each B € {0,1,---, K — 1}<.
e For any ¢ € Qg, B €{0,1,---, K — 1}, and @ € N? with [|e]|; < s,

0% () = x(B)0%gs(x) = x(B)K K152 (K (x — @g)),

implying [0 f, (x)| = ’K_(S_H"Hl)aag(l((w — 335))| <1

It is easy to check that {f, : x € %} C C:([0,1]¢) can shatter K¢ = O(e~%*) points
in [0, 1]%

Step 2: Construct {¢, : x € %} that also scatters O(s~%*) points.

By Equation (4.30), for each x € 4, there exists ¢, € .# such that

& = Flloeqoagey < € +¢/2.

Let u(-) denote the Lebesgue measure of a measurable set. Then, for each x € 4,

there exists H,, C [0,1]¢ with u(H,) = 0 such that
[0y (x) — fr(x)| < 32, for any @ € [0, 1]\ H,.
Set H = U,esnH,, then we have u(H) = 0 and

|6y () — fy(x)| < 32, for any x € # and € [0,1]"\H. (4.31)
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Clearly, there exists r € (0,1) such that

gs(x) > 398(xg,), for any @ € rQg,

where @, is the center of Q.
Note that (rQg)\H is not empty, since u((rQg)\H) > 0 for each 3. Then, for
each y € % and each 8 € {0,1,---, K — 1}%, there exists g € (rQg)\H such that

fo(@p)| = ga(xs) > Lgs(xq,) = LK g(0) = LK=*/C, 4 > 2¢, (4.32)

where the last inequality is attained by setting K = L(4z—:55,d)*1/ #|. Since our proof
is invalid when K = 0, it is necessary to guarantee K = L(45657d)_1/ ¥] > 1, which
will be verified later.

By Equation (4.31) and (4.32), we have, for each 3 € {0,1,---, K —1}% and each
X € %,

’fx(wﬁﬂ > 2e > %5 > ’fx(wﬁ) - ¢x(m,6)‘

So, fy(xg) and ¢, (xg) have the same sign for each x € # and each 8 € {0,1,---, K—
1}4. Then {¢, : x € B} shatters {xg: B € {0,1,---, K — 1}4} since {f, : x € B}
shatters {xg: 8 € {0,1,---, K — 1}?}. Hence,

VCDim(.#) > VCDim ({¢y : x € B}) > K¢ = |(4eC, )"/*|4 > 279(4eC, g) =4,

where the last inequality comes from the fact |x] > x/2 for any = € [1,00).

Finally, set

_ ~ —d/s _ ~ —d/s
Cra = 274AC, 2) " = 279 (4[| cx o))"

This means Cs 4 can be computed by an explicit mathematical formula based on the
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function g defined previously. Moreover, we have
VCDIm(.F) > 274 4eC, q) % = Cyge¥*

and

K =|(4eC,q)~V*] = [e7V*(2¢C, )] > 1,

where the last inequality comes from e € (0, (2?C; 4)*/%]. So we finish the proof. [
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Approximation by Floor-ReLLU networks

As shown in Section 4.1, an exponential approximation error O(N~L) can be
achieved when using ReLLU networks with width O(N) and depth O(L) to approx-
imate polynomials on [0, 1]%. But such an exponential error is not true for general
function spaces as discussed in Section 4.4. The limitation of ReLU networks moti-
vates us to explore other types of network architectures to admit (nearly) exponential
approximation errors.

In particular, we introduce new networks built with either Floor (|z]) or ReLU
(max{0,2}) as the activation function® in each neuron. We call such networks
Floor-ReLU networks. See Figure 5.1 for an example. We will prove in this chapter
that Floor-ReLU networks with fixed architectures can attain nearly exponential

approximation errors for approximating (Holder) continuous functions on [0, 1]%.

5.1 Main theorem and its proof

In Theorem 5.1 below, we show by construction that Floor-ReLLU networks, with
fixed architectures, with width max{d, 5N + 13} and depth 64dL + 3 can uniformly

approximate an arbitrary continuous function f on [0, 1]d with a nearly exponential

@Our results can be easily generalized to Ceiling-ReLU networks, namely, feed-forward fully
connected neural networks with either Ceiling ([z]) or ReLU (max{0, z}) as the activation function
in each neuron.

117
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Figure 5.1: An example of a Floor-ReLU network with width 5 and depth 2.

approximation error ws(v/d N—VL) 4 wa(\/E)N*‘E.

Theorem 5.1. Given any N,L,d € N, there exists a fized Floor-ReLU network
architecture with width max{d, 5N + 13} and depth 64dL + 3 such that: For any
continuous function f € C([0,1]%), there exists a function ¢, implemented by this

Floor-ReL U network architecture with proper parameters, satisfying
6(x) — f(@)] < wi(VANVE) + 2w (Vd)NVE,  for any z € [0,1)%.

With Theorem 5.1, we have an immediate corollary.

Corollary 5.2. Given any N, L,d € NT, there exists a fived Floor-ReLU network
architecture with width N and depth L such that: For any continuous function
f € C([0,1]9), there exists a function ¢, implemented by this Floor-ReLU network

architecture with proper parameters, satisfying

L—-3

6(@) — F@) < wp (VA 55 VIS 4oy (v 2 VL],

for any x € [0,1]¢ and N, L € N* with N > max{d, 18} and L > 64d + 3.

We would like to remark that the Floor-ReLLU network architectures in Theo-
rem 5.1 and Corollary 5.2 are independent of the target function f. That is, only

the values of the parameters rely on the target function f. In particular, the choice



5.1 Main theorem and its proof

119

of activation functions (Floor or ReLU) in each neuron is independent of the target
function f.

In Theorem 5.1, the error in wf(\/a N *ﬁ) implicitly depends on N and L
through the modulus of continuity of f, while the error in 2wf(\/a)N VL g ex-
plicit in N and L. Simplifying the implicit approximation error to make it explicitly
depending on N and L is challenging in general. However, if f is a Holder continuous
function on [0, 1]¢ of order a € (0, 1] with a constant A, i.e., f € Hélder([0, 1]¢, o, \),

then we have

[f(@) = f(y)l < Az —yll3, for any .y € [0,1)%, (5.1)

implying wy(r) < Ar® for any r > 0. Therefore, in the case of Holder continuous
functions, the approximation error is simplified to 3Ad*/2N —oVL a5 shown in the
following corollary. In the special case of Lipschitz continuous functions with a

Lipschitz constant A, the approximation error is simplified to 3AVdN —VL,

Corollary 5.3. Given any N,L,d € NT, there exist a fized Floor-ReLU network
architecture with width max{d, 5N + 13} and depth 64dL + 3 such that: For any
function f € Holder([0,1]¢,a, \), there exists a function ¢, implemented by this

Floor-ReL U network architecture with proper parameters, satisfying
6(z) — fz)| < 3A*PN~VE for any @ € [0, 1]"

First, Theorem 5.1 and Corollary 5.3 show that the approximation capacity
of deep networks for continuous functions can be nearly exponentially improved
by increasing the network depth, and the approximation error can be explicitly
characterized in terms of the width O(N) and depth O(L). Second, this new class
of networks overcomes the curse of dimensionality in the approximation power when
the modulus of continuity is moderate, since the approximation order is essentially
wf(\/c_lN *ﬁ). Finally, applying piecewise constant and integer-valued functions as

activation functions and integer numbers as parameters has been explored in the
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study of quantized neural networks [6,26,61] with efficient training algorithms for
low computational complexity [56]. The floor function (|z]) is a piecewise constant
function and can be easily implemented numerically at very little cost. Hence, the
evaluation of the proposed network could be efficiently implemented in practical
computation. Though there might not be an existing optimization algorithm to
identify an approximant with an approximation error, Theorem 5.1 and Corollary 5.3
can provide an expected accuracy before a learning task and how much the current
optimization algorithms could be improved. Designing an efficient optimization
algorithm for Floor-ReLU networks will be left as future work with several possible
directions discussed later.

In particular, we let N = 2 and L = W in Theorem 5.1, then the width is
max{d, 23}, the depth is 64dW +3, and the total number of parameters is bounded by
O (max{d?, 232 }(64dW + 3)) = O(W). Therefore, we can prove Corollary 5.4 below
stating that Floor-ReLLU networks can provide a nearly exponential approximation

error in terms of the number of parameters.

Corollary 5.4. Given any W,d € N*, there exists a fized Floor-ReL U network ar-
chitecture with O(W) parameters, width max{d, 23}, and depth 64dW +3, such that:
For any continuous function f € C([0,1]%), there exists a function ¢, implemented

by this Floor-ReL U network architecture with proper parameters, satisfying
6(x) — f@)] < wp(Vd2 V) + 2w (Vd)2™VV | for any x € [0, 1]%

We would like to point out that the derivative of Floor is zero almost everywhere,
which may lead to the failure of the backpropagation algorithm. To overcome this,

we propose three possible methods as follows.

e First, we can consider gradient-free optimization methods, e.g., particle swarm

optimization [30], consensus-based optimization [11,50].

e The second method is to apply optimization algorithms for quantized networks

that also have piecewise constant activation functions [6,9,26,36,56,61]. For
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example, an empirical method is to use a straight through estimator (STE) by
setting the incoming gradients to the activation function equal to its outgoing

gradients, disregarding the derivative of the activation function itself.

e The final method is to use the linear combination of ReLU and Floor, i.e.,
po(z)+(1—p)|z] for p € (0,1), to replace Floor (|z]) to avoid zero derivative.
Similar to Theorem 5.1 and Corollary 5.3, the nearly exponential errors can

be attained with the new activation functions (o and po(z) + (1 —p)|x]).
The proof of Theorem 5.1 is an immediate result of Theorem 5.5 below.

Theorem 5.5. Given a continuous function f € C([0,1]¢), for any N, L € NT, there
exists a function ¢ implemented by a Floor-ReL U network, with a fized architecture

independent of f, with width max{d, 2N? + 5N} and depth 7dL* + 3 such that
lo(z) — f(x)] < wp(VAN) 4+ 2wp(Vd)2~NE, for any x € [0,1]%

Theorem 5.5 will be proved later in this section. Now let us prove Theorem 5.1

based on Theorem 5.5.

Proof of Theorem 5.1. Given any N, L € N*, there exist N, L € N+ with N > 2
and L > 3 such that

(N-1><N<N? and (L-1)?<4L < L>

By Theorem 5.5, there exists a function ¢ implemented by a Floor-ReLLU network,
with a fixed architecture independent of f, with width max{d, ON2+5N } and depth
7dL? + 3 such that

lp(x) — f(x)] < wf(\/aﬁ_z) + wa(\/a)Q_Nz, for any x € [0,1]%

Note that



122

Chapter 5. Approximation by Floor-ReLU networks

Then we have
6(x) — f(@)] < wr(VANVE) + 2w (VA)NVE, for any x € [0,1]7.
For N,Z € N* with N > 2 and L > 3, we have
IN? 4+ 5N <5(N —12+13<5N+13 and 7L?><16(L —1)*> < 64L.

Therefore, ¢ can be implemented by a Floor-ReLLU network, with a fixed architecture
independent of f, with width max{d, IN? + 5N} < max{d, 5N + 13} and depth
7TdL* + 3 < 64dL + 3, as desired. So we finish the proof. O

5.2 Proof of auxiliary theorem

To prove Theorem 5.5, we first present the general ideas of the proof. Shortly
speaking, we construct piecewise constant functions implemented by Floor-ReLLU
networks to approximate continuous functions on [0, 1]¢. There are four key steps

in our construction.

1. Normalize f as ]?satisfying f(a:) € [0,1] for any x € [0, 1]%, divide [0, 1]¢ into a
set of non-overlapping cubes {Qg}ge{o,1,... k134, and denote xg as the vertex
of Qp with minimum || - ||; norm, where K is an integer determined later. See

Figure 5.2 for the illustrations of Qg and xg for any 8 € {0,1,---, K — 1}<.

2. Construct a Floor-ReLLU sub-network to implement a vector-valued function
b, : R — R projecting the whole cube Qg to the index B for each B3, i.c.,
®,(x) = for all x € Qg and each B € {0,1,---, K — 1}%.

3. Construct a Floor-ReLU sub-network to implement a function ¢y : R — R
mapping 3 € {0,1,---, K — 1}¢ approximately to f(a:g) for each 8, i.e.,

2 (B) ~ f(mﬁ) Then ¢9 0 ®1(x) = ¢2(8) = f(xg) for any « € Qg and each
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Be{0,1,---, K —1}% implying (Z = ¢ o P, approximates fwithin an error
O(wy(1/K)) on [0, 1]%.

4. Re-scale and shift 5 to obtain the desired function ¢ approximating f well and

determine the final Floor-ReLLU network to implement ¢.

It is not difficult to construct Floor-ReLLU networks with the desired width and
depth to implement ®;. The most technical part is the construction of a Floor-
ReLU network with the desired width and depth implementing ¢,, which needs the

following proposition based on the “bit extraction” technique introduced in [5].

Proposition 5.6. Given any N,L € NT and arbitrary 6,, € {0,1} for m =
1,2,---,NL, there exists a function ¢ implemented by a Floor-ReL U network, with
a fived architecture independent of 0,, € {0,1} for m = 1,2,---, NE with width
2N + 2 and depth TL — 2 such that

¢(m) =0, form=12--- N

The proof of this proposition is presented in Section 5.3. It is easy to prove that
the VC-dimension of Floor-ReLU networks with a constant width and depth O(L)
has a lower bound 2¥. Such a lower bound is much larger than O(L?), which is a
VC-dimension upper bound of ReLLU networks with the same width and depth due
to Theorem 8 of [4]. This means Floor-ReLU networks are much more powerful
than ReLU networks from the perspective of VC-dimension.

Now let us give the detailed proof of Theorem 5.5 as follows.
Proof of Theorem 5.5. The proof consists of four steps.
Step 1: Set up.

Assume f is not a constant function since it is a trivial case. Then wy(r) > 0 for

any 7 > 0. Clearly, |f(x) — f(0)| < wf(v/d) for any x € [0,1]%. Define

P f = f(0) +wp(vd)
2w (Vd) '
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It follows that f(x) € [0, 1] for any = € [0, 1]%.

Set K = N' Ep_y = [224,1], and By, = [£, 5 for k= 0,1, -, K — 2. Define

k k41
K' K
Qp = {m: (21,22, ,xq) ERd:xj € Ejp, forj:1,2,-~~,d},

for any B = (81,82, B4) € {0,1,---, K — 1}%. See Figure 5.2 for the examples of
Qp and xg for any 8 € {0,1,---, K — 1}% with for K =4 and d = 1, 2.

L ox mplorBe {01 K -1} | * agforBe{01,-- K—1}
I I I I I e 1
I I I I I
I I I I I
I I I I I L _
U0.1/4) 1424000 2/43/01 [3/4,1) 1 3/4
I I

2/dm -
: Qo : Q1 : Q> : Q3 : /
I I I I I
I I I I I 1/44= -
I I I I I
I I I I I
I I I I I O A -
1 1 1 1 1 1 1 1 1 1
0 1 24 3/ 1 0 14 2/1 3/ 1

(a) (b)

Figure 5.2: Illustrations of Qg and xg for any B € {0,1,---, K — 1}¢. (a) K =
4, d=1. (b) K =4, d=2.

Step 2: Construct ®; mapping © € ()g to 3.

Define a step function ¢; as
¢1(z) =] —o(—-Kz+ K —1)+ K —1|, forany z€R®

See Figure 5.3 for an illustration of ¢; when K = 4. It follows from the definition
of ¢; that
o1(x) =k, ifxeE, fork=0,1---,K—1.

Define

@1 (x) = (¢1(21), ¢1(22), -+, d1(zq)), for any @ = (z1, s, -, 2q) € R™

OIf we just define ¢;(x) = | Kz], then ¢1(1) = K # K — 1 even though 1 € Ex_;.




5.2 Proof of auxiliary theorem 125

Es

I — b1

I

£y

E(I o
0 1/4 2/4 3/4 i

Figure 5.3: An illustration of ¢; on [0, 1] for the case K = 4.

Clearly, we have, for all € Qg and each 8 € {0,1,---, K — 1}4,

P (x) = (¢1($1),¢1(1’2), s ,¢1($d)) = (B1, B2, -, Ba) = B.

Step 3: Construct ¢ mapping B € {0,1,---, K — 1} approximately to f(xg).

Using the idea of K-ary representation, we define
d
i(x) =14 Z:ij]_l, for any x = (x1, 29, -+, 24) € R
j=1

It follows that 1), is a bijection from {0,1,---, K — 1}¢ to {1,2,---, K}.
Given any i € {1,2,---, K%}, there exists a unique 3 € {0,1,---, K — 1}? such
that i = ¢(8). Then define

& = flzg) €[0,1], fori=1y(8) and B8 € {0,1,---, K —1}4,

where f is the normalization of f defined in Equation (5.2). It follows that there
exists & ; € {0,1} for j =1,2,---, NL such that

& —bin0.& &+ G| <27V, fori=1,2,--- K%

By K% = (NL)® = N and Proposition 5.6, there exists a function vy ; imple-

mented by a Floor-ReLU network, with a fixed architecture independent of §; ; for
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all 4, with width 2N + 2 and depth 7dL — 2, for each j = 1,2,---, NL, such that
Yo (1) =&y, fori=1,2,--- K4

Define
NL
Yo = Z 277hy; and ¢ =ty o .
j=1

Then we have, for i = ¢1(8) and B € {0,1,---, K — 1},

[F@s) = 62(8)| = f () = a(a(B)] = & — a(i)] = | = D2 774,(0)| 59

= |& — bin0.& &0 - Einp| < 27V

Step 4: Determine the final network to implement the desired function ¢.

Define ¢ = ¢ 0 @, i.e., for any & = (21,29, -+, 1q) € RY,

O(@) = ¢ 0 @1 (@) = & (01 (21), O (22), -+, 1 (wa)).

Note that |z — xg| < ‘/73 for any * € Qg and B € {0,1,---, K — 1}%. Then we
have, for any © € Qg and B € {0,1,---, K — 1},

f(@) = é(@)| < |f(@) - [(xp)| + |f(@) — 6(x)|

S wi(F) + | f(xs) — d2(Pi(x)))|
< wi(¥0) + | flws) — 6:(8)| < wi3E) + 27V,

N

s

where the last inequality comes from Equation (5.3).
Note that [0,1]¢ = Ugeqo1,.k-134Qp. Since x € Qg and B8 € {0,1,--- | K — 1}

are arbitrary, we have

(@) — d(x)] < wr(3) +27VE, for any @ € [0, 1]%
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Define
¢ = 2w (Vd)d + f(0) — wy(Vd).

By K = N* and w(r) = 2w (V/d) ~w(r) for any r > 0, we have, for any x € [0, 1]4,

(@) = 6(@)| = 20, (V)| (@) — olw)| < 207(Va) (w(32) +27VE)
< wp(Y) + 2wy (V)27
< wp(VANT") 4 2w (Vd)2~NE,

It remains to determine the width and depth of the Floor-ReLLU network im-

plementing ¢. Clearly, ¢ can be implemented by the architecture in Figure 5.4.

Figure 5.4: An illustration of the desired network architecture implementing ¢o =
Yy 04y for any input B € {0,1,---, K — 1}¢, where i = 1,(3).

As we can see from Figure 5.4, ¢ can be implemented by a Floor-ReLLU network
with width
N((2N +2)+ 3) — 2N? 4 5N

and depth
1+L<(7dL—2)+1> 1= L(7dL — 1) +2.

Note that, for each j, 15 ; is implemented by a Floor-ReLU network, with a fixed
architecture independent of &; ; that is essentially determined by the target function

f for all <. Thus, the Floor-ReLLU network implementing ¢, has a fixed architecture
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independent of f, as shown in Figure 5.4.

*)[(7(7](171 LK - 1)]*{(70(71@1 FEK-D)+EK-1]= ¢1(w1)]\
H[U(Jm + K~ ))——(l-o(-Kn+K-1)+K-1]= ol(zg)]ﬁﬁ?\) o) = 3e)

%[U(medlﬁ» K — 1)]%[[—0(—1(:0(1 +K— 1') +K-1|= ol(xd)]/

Figure 5.5: An illustration of the network architecture implementing 5 = ¢ 0 P,

for any & = (-Tl,l'g, o 7$d> € [07 1]d

Note that ¢ is defined via re-scaling and shifting 5 As shown in Figure 5.5,
¢ and (E can be implemented by a Floor-ReLLU network, with a fixed architecture
independent of f, with width max{d, 2N? + 5N} and depth 2 + L(7dL — 1) + 2 <
7dL? 4 3. So we finish the proof. O

5.3 Proof of key proposition for auxiliary theorem

The proof of Proposition 5.6 mainly relies on the “bit extraction” technique. As
we shall see later, our key idea is to apply the Floor activation function to make
“bit extraction” more powerful to reduce network sizes. In particular, Floor-ReLLU
networks can extract much more bits than ReLLU networks with the same network
size.

Let us first establish a basic lemma to extract 1/N of total bits stored in a new

binary number from an input binary number.

Lemma 5.7. Given any J, N € N*, there exists a function ¢ : R? — R implemented
by a Floor-ReLU network with width 2N and depth 4 such that, for any 6; € {0,1},
7=1,2,---,NJ, we have

¢(b1n()9192 s GNJ, n) = binO.H(n,l)JHQ(n,l)JH s GnJ, for n = 1, 2, Ty, N.
Proof. Given any #; € {0,1} for j =1,2,---, NJ, denote

S = bin0.0192 cee QN] and Sp — binO.H(n,l)Hl@(n,l)JH cee enj,
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forn=1,2,--- N.
Then our goal is to construct a function ¢ : R? — R implemented by a Floor-

ReLU network with the desired width and depth that satisfies
o(s,n)=s,, forn=1,2--- N.
Based on the properties of the binary representation, it is easy to check that
Sy = LQ”JSJ /2‘] — LZ(”_DJSJ, forn=1,2,---,N. (5.4)

With formulas to return si, so, -+, sy, it is still technical to construct a network
outputting s, for a given index n € {1,2,---, N}.
Set 0 = 277 and define g (see Figure 5.6) as

g(z) == o(o(z) — o(#2=)), for any z € R.

— 1—6,1-46)

-1.0 —0.5 0.0 0.5 1.0 1.5 2.0

Figure 5.6: An illustration of g(z) = o(o(z) — o(22=1)).

Since s, € [0,1 — 4] forn=1,2,---, N, we have

N
sn:Zg(sk—l—k—n), forn=1,2,--- N. (5.5)
k=1

As shown in Figure 5.7, the desired function ¢ can be implemented by a Floor-

ReLU network with width 2N and depth 4. Moreover, it holds that

o(s,n)=s,, forn=1,2--- N.
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Input 1 2 3 4 Output

B
— TR
bzt

[20V=D g S
—
’

Figure 5.7: An illustration of the Floor-ReLU network implementing the desired
function ¢ based on Equation (5.4) and (5.5). All parameters in this network are
essentially determined by Equation (5.4) and (5.5), which are valid no matter what
01,---,0ns € {0,1} are. Thus, the desired function ¢ implemented by this network
is independent of 6y, ---,0y; € {0,1}.

So we finish the proof. O

The next lemma constructs a Floor-ReLLU network that can extract any bit from

a binary number according to a specific index.

Lemma 5.8. Given any N, L € N*, there exists a function ¢ : R? — R implemented
by a Floor-ReLU network with width 2N + 2 and depth TL — 3 such that, for any
O, €{0,1}, m=1,2,---, N we have

¢(b1n091«92 . 'QNL7 m) = em; for m = 1727 ce 7NL.

Proof. The proof is based on repeated applications of Lemma 5.7. To be exact, we
construct a sequence of functions ¢, @s, - -+, ¢y implemented by Floor-ReLLU net-

works by induction to satisfy the following two conditions for each ¢ € {1,2,--- L}.

(i) ¢¢ : R? — R can be implemented by a Floor-ReLU network with width 2N + 2
and depth 7¢ — 3.
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(ii) For any 6, € {0,1}, m =1,2,---, N, we have

de(bin0.0105 - - Oe, m) = bin0.0,,, form =1,2,---, N".

First, consider the case ¢ = 1. By Lemma 5.7 (set J = 1 therein), there exists a
function ¢, implemented by a Floor-ReLLU network with width 2N < 2N + 2 and
depth 4 = 7 — 3 such that, for any 6,, € {0,1}, m =1,2,---, N, we have

¢1(bin0.0105 - - - 05, m) = bin0.6,,, form=1,2,--- N.

It follows that Condition (i) and (ii) hold for ¢ = 1.

Next, assume Condition (i) and (ii) hold for ¢ = k. We would like to construct
dr+1 to make Condition (i) and (ii) true for £ = k + 1. By Lemma 5.7 (set J = N*
therein), there exists a function ¢ implemented by a Floor-ReL.U network with width
2N and depth 4 such that, for any 6,, € {0,1}, m =1,2,---, N¥1 we have

¢(b1n09102 s eNkJrl, n) = binO.Q(n_l)Nk+10(n_1)Nk+2 tee e(n_l)Nk+Nk, (56)

forn=1,2,---, N. By the induction hypothesis, we have

e ¢ : R? = R can be implemented by a Floor-ReLU network with width 2N 42
and depth 7k — 3.

e For any 0, € {0,1}, j =1,2,---, N* we have

¢r(bin0.0,0y - - - Onx, j) = bin0.0;, for j =1,2,---, N". (5.7)

Givenany m € {1,2,---, N¥*1} thereexist n € {1,2,---, N}and j € {1,2,---, N*}

such that m = (n — 1)N* + j, and such n, j can be obtained by

n=|(m-1)/N¥+1 and j=m—(n—1)N* (5.8)
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Then the desired architecture of the Floor-ReLU network implementing ¢y ;1 is

shown in Figure 5.8.

‘ [bin0*9(7lfl)AV”+l O Nr N ]

W{binoﬂ(”,l),\” 45 = bin0.0y, = Gpp1(binby -+ - Oynsn, m)]
m \

j=m—(n—1)N*
8

Figure 5.8: An illustration of the Floor-ReLLU network architecture implement-
ing ¢ry1, based on Equation (5.6), (5.7), and (5.8) for any #,, € {0,1} and
m € {1,2,---, NF1},

Note that ¢ can be implemented by a Floor-ReLLU network with width 2NV and
depth 4. Then the desired network implementing ¢i41 is shown in Figure 5.8.

Moreover, we have

e ¢r41 : R? = R can be implemented by a Floor-ReLU network with width
2N +2 and depth 2+4+ 1+ (7Tk—3) = 7(k+ 1) — 3, which implies Condition
(i) for £ =k + 1.

e For any 0,, € {0,1}, m =1,2,---, N¥! we have
Gpr1(bin0.010 - - - Oprsr, m) = bin0.6,,, form=1,2,--. NFF

That is, Condition (ii) holds for £ = k + 1.

So we finish the process of induction.

By the principle of induction, there exists a function ¢y, : R> — R such that

e ¢; can be implemented by a Floor-ReLU network with width 2N + 2 and
depth 7L — 3.

e For any 0,, € {0,1}, m =1,2,---, N we have

¢r(bin0.6,6 - - - Oy, m) = bin0.6,,, form=1,2,--- N~
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Finally, define ¢ := 2¢. Then ¢ can also be implemented by a Floor-ReLU network
with width 2N+2 and depth 7L—3. Moreover, for any ,, € {0,1}, m = 1,2,---, NE,

we have
d(bin0.010 - - - Oy, m) =2 ¢r(bin0.0105 - - - Oy, m) = 2 - bin0.0,, = 6,,,

for m=1,2,---, N*. So we finish the proof. O
With Lemma 5.8 in hand, we are ready to prove Proposition 5.6.

Proof of Proposition 5.6. By Lemma 5.8, there exists a function 5: R? — R imple-
mented by a Floor-ReLU network with width 2NV + 2 and depth 7L — 3 such that,

for any z,, € {0,1}, m =1,2,---, Nt we have

gb(binO.zle <" ZNL, m) =2z, form=1,2,-- .,NL'

Based on 6, € {0,1} for m = 1,2,---, N given in Proposition 5.6, we define the

final function ¢ as
o(r) = g(a(x -0+ bin0.6165 -+ - Oy1),0(x)), where o(z) = max{0,z}.

Clearly, ¢ can be implemented by a Floor-ReLLU network, with a fixed architecture
independent of 6,, € {0,1} for m = 1,2,---, N¥ with width 2N + 2 and depth
14 (7L —3) = 7L —2. In fact, only one parameter (bin0.0,6, - - - 6x) of the network
implementing ¢ relies on 6, € {0,1} for m = 1,2,---, NL. Moreover, we have, for

any m € {1,2,---, Nt},

o(m) = ¢(J(m -0+ bin0.6,65 - - - Onz), a(m)) = ¢(bin0.0105 - - - Oz, m) = O,,.

So we finish the proof. O

We shall point out that only the properties of Floor on [0,00) are used in our
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proof. Thus, the Floor can be replaced by the truncation function that can be easily
implemented by truncating the decimal part.

Finally, we would like to remark that the key reason Floor-ReLLU networks can
attain much better approximation errors than ReLLU networks is that Floor has in-
finite (constant) pieces, while ReLLU has only two (linear) pieces. Thus, roughly
speaking, one Floor activation function can do what many ReLU activation func-
tions do in our construction. For this reason, compared to ReLU networks, Floor-
ReLU networks attain significantly better approximation errors. In fact, one may
replace Floor by other activation functions with “many pieces”. For example, it is
shown in [60] that ReLU/Sin-activated networks can also attain nearly exponential

approximation errors.



Chapter

Conclusion

This dissertation aims to study the approximation power of ReLLU networks and
Floor-ReLU networks. Based on the idea of function compositions, we construct
ReLU networks to uniformly approximate polynomials, Holder continuous functions,
general continuous functions, and smooth functions on a d-dimensional hypercube
[0,1]¢ with (nearly optimal) approximation errors. All the approximation error
estimates are characterized by the width and depth simultaneously and have explicit
formulas for the prefactors. Meanwhile, the optimality of the approximation by
ReLU networks is discussed via studying the connection between the approximation
error and VC-dimension.

To overcome the limitation of ReLU networks that (nearly) exponential approx-
imation errors can only be attained for polynomials among all function spaces con-
sidered, we introduce Floor-ReLU networks. It is proved by construction that nearly
exponential approximation errors can be attained when using Floor-ReLLU networks
with fixed architectures to uniformly approximate (Holder) continuous functions on
0, 1]4. In other words, approximation errors are improved from polynomial ones to
nearly exponential ones via adding a simple activation function (Floor) to ReL.U
networks. The optimality of the approximation by Floor-ReLLU networks is not dis-
cussed due to the nearly exponential approximation errors. All these results stated

above completely solve the three problems (Problem 1, 2, and 3) listed in Chapter 1

135
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for certain function spaces.

Finally, we would like to remark that our analysis is only for the feed-forward fully
connected neural networks with two types of activation functions: ReLLU and Floor.
It would be an interesting direction to generalize our results to neural networks with
other architectures (e.g., convolutional neural networks and residual networks) and
activation functions (e.g., tanh and sigmoid functions). These will be left as future

work.
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